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S£QU£NC£S BY NUMBER OF w-RISES 

By 

MORTON ABRAMSiON 

An itHpomutatioii of n, repetitioiis allowed, is an m-seqaenoe 

(1) e^, ^€{1, 2,..., n}. 

A w-rlse is a pair ei^]) such that e«i.i~e<^w>0. In this note we find an ex- 
pression for 7i.«(v,m), flie number of iff-eequenoes having pcedsdy k n^-rises. 

The case w=l is given in [IJ [2], Also, when w=\ we give the number when each 
of the integers 1 , 2, . . . , r must appear at least once. Throughout we take (!)*bO 

for n<0 except where noted in (6). 

In a sequence (1), let P(i) be the property that e^+i— e^^iv. There are a total of 
m—l such properties. For each subset S of Zn_i={\, 2, . . . , w— 1}, let A(S) 
be the number of sequences which have all of the properties P(i) for i e S (and 
possibly others), and let 

wliere the summation extends over an subsets of order r. Thus, by the principle of 
inchision and exdudon we find that 

(3) rfc^n.m)-'^"W(^^')s(fe+0 (P^lkjSlm-lU^w^n-l). 

Hence, in order to evaluate Tj, ^(n, m), it is only necessary to evaluate A(S). 

Let 5 be a subset of Z^_i of order r. We associate a composition (b^y ... , b^-^ 
of m with S as follows. If ie S, we place / and /+1 in the same subset of Z^; 
otherwise i is in a subset by itself. This obviously gives a set partition U* • • U B,^ 
of Z„ and we set bj=\Bj\ {\<,j<,m—r). For example, if m=9 and 5={2, 5, 6}, 
then we have {1} U (2, 3} U {4} U (5, 6, 7} U {8} U {9} and l+2+l+3+l + l« 
9. Now, die sequence of denients indend by daneots of a 8id»et 
inoerasing sequence whose terms diflfer by at least w. Since there are [4, eaqptession 
(23)1 

sequences \^Xx<x^<" '<Xj,^h satisfy (sudi a sequence 

is equivalent to a sequence of itl's and n—k tft with eveiy pair of I's separated 
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by at least w—l 0*8), we have shown that 

(4) ^s)-¥{"-(»'-|X»'-i)). 

Sinoe Hie oompotitioii &a> • * • • ^m-t) detennines the set S^, we get by ^) and 
(4), 

For the case h^^I, expression (5) is simplified by using the generating function 
Simpli^ in (3) (O^k^m-l), 

-|<-«-(:)(.-ti.) 

(and using p, identity (3.150)1 and -(-1)* (''+^" ^) ) 

-Jj->tr)("^"'-:-'-^) 

[1 , p. 356, ei is counted as an initial rise] and [2, p. 1091]. 
We now give the number of sequences (1) with precisely k 1-rises and with each 

of the integers 1,2, ... ,r appearing at least once. These are the sequences counted 
by T]fc m) but satisfying none of the properties, "integer i does not appear**, 
i8s 1, 2» . . . , r. Hence, using the sieve formula the number is 

^(-iy('j) n.iin-U m) (1 ^ r ^ n) 
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In the case iiia>r, nnqg [3, identity (3.150)], we obtain the familiar Bulerian number 



whidi ooonti the nnmber of permutations of 1, 2 m with precisdy k rites 

[5, pp. 216-19]. 
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COMMUTING A:-TUPLES OF SELF ADJOINT 
OPERATORS AND MATRDC MEASURES 

PATRICK J. BROWNE 

1. la tni mUk m* In this note we ghre > genwalization of a tpectral leprwen t nt ion 
theoreni for idf adjoint opeiaton in a Hilbert space leoently obtained by the 
author [1]. Our interest here is to develop correspondmg lesults for a it>tuple 

(7\, . . . , 7]k) of oommuting self adjoint operators. 

In this section we present some definitions and terminology. 

Dehnition 1. Let {fin}, \<i,j<,n, be a family of complex valued set functions 
defined on the bounded Borel subsets of K'. The family (jif^ will be called an 
nxn positive matrix measure if 

(i) the matrix (/«^(Af)) ^ Hermitian positive semi-definite for each bounded 
Bofdset Jdfeje; 

(iO we have 

0 M J = i^(M J. 1 ^ i,; ^ n. 

for each sequence {M^ of disjoint Borel sets with bounded union. 

The theoiy of matrix measures defined on the bounded Borel sets of S}^ is given in 
detail in [2, pp. 1337-1346]. A careful study of these pages shows that all properties 
of and results concerning matrix measures on B} carry over to the jR* case. We 
shall have occasion to call on these results in the B!^ setting. 

DnH N li io w 2. Let irbe a Hilbert space and 

T^^^XEldX). <-1.2,...,fc. 

self adjomt operators in H, We say that the Ar-tuple (TV, ...» 7^) is a commuting 
A:-tuple of self adjoint operators if for any choice of Borel sets Mt^R we have 

This definition follows PrugoveSki [3, page 261] and we shall be leaning heavity 
on the theory of functions of such operators as outlined in the above reference 
(pp. 269-284). 
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Specifically if E denotes the spectral measure on the Borel sets of satisfying 

whenever Jdr<cjt, 1*1 ikaieBoid8etia]idif^;(i,...,il^isaBaidftiiictioii 

on J^, theft exiitt a unique linear openitorjp(Ti 7^ in JSTiatiiQfmg 

(1) (Pdi, . . . . g) - J^AXW)/. g), gefl. 
Its domain oCdeinitkMi is given by 

mTt, . . . , Tj) - {/6H I jjm*(Emf,f) < ooj. 

Details of these results can be found in [3, pp. 269-284]. Our definition of 
p{Ti, . . . , Tj) differs slightly from that of Prugovedki in that given a Borel function 
p{X) he establishes the existence of a linear operator piTx» ... ,T,^ such that 

(2) (g.l<Tx,...,T,)/)=J^p(AXf.B(^)A geH. 

Our definition can be obtained by replacing p(X) by p(X) in (2). For consistency 
with our eariier work [1] we shall use definition (1) which also ensures that 

(«iR+«iftXri. . . . , r») - thPiiTu .... T»)+«rf»i(Ti. . . . . r») 

on the intersection of the domams of pi(Tu ■ . • , Pii.'^i* • • > Fnrtliei^ 

more we shall restrict our attention to Borel ftinctions/> which are defined J? almost 

eveiywhere on J{*. Under this eondition it is easy to show that Dipt^i 7*^)) 

is dense in cf. the corresponding result for a single self adjomt operator 
[2, Theorem 6, p. 1 196]. The same aigoment also shows that p(Xtt ... * T^) is a 
dosed operator in H, 

2. He spectral wegnmatMkm mtanm» Let i7 be a HUbert space and 7«a 

XE^dX), 2, . . . , Jt, a commuting A:-tuple of self adjoint operators in 
ff. Denote by the spectral measnre defined on Borel subsets (rf* 11^ and satisfying 

for all Aft, ... , M^, Borel snbsets of Jt^. 

For a finite set J^c= JT; A'-C/i,. . . ,/J,frjy will denote the doenre of the mani- 
fold in Ifccwwisting of all vectars of the form piiTi, . . . , Ti^x-¥' * *+p«(ra 

Tj^n where pt varies over Borel functions defined E^dmost everywhere on 

for which/; 6 D(pi(Ti, . . . , r^)), l^i^n. 

The following Lemmas, Definition and Theorems have precise analogues in our 
earlier work dealing with a single self adjoint operator [1]. It is not our purpose 
here to reproduce verbatim existing arguments but rather to note that they carry 
over mutatis mutandis to the present situation. Accordingly, we take the liberty 
of stating these results without proof, referring the reader to the above reference. 
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Lemma 1. Let the complex valued measures /i,^, 1 <,i,j<,n, be defined by yu,y(')= 
i^i'}fffi)- Then (f^) isannxn positive matrix measure on the JBorel subsets of 

laatA. 2. Let (^^) be as above. Define ft by /<(■) =2)7-1 /<«(*)• Then ft is a 
toUify fiate rtguknr measun on the Borel tubaeta of and each ^ is ^sohoefy 
eoHHmma wUh respect to ft, FMer, H/t is a Bflbert ipaee wMcA ig wiUarify 
eqidotieHi to LH/tfg), 

Lemma 3. Let n^l be an integer. Then there is a collection S£ of finite subsets 
N'^Hf each containing n points such that 

Fotfe if we let/^ be its com|K»ient in Hif, that is 

/ =2 In ^ ^N' 

taatA 4. For eoery BordfmeUon p we have 

D(p{Ti = {/e H\fN e D(p{T„ T,)), Ne^; 

^\piT^....T^N\Hco^ 

tmd ip(Ti, . . . , T^)f)N=p(.Tu .... T,;)fif. 
We now adopt the following notation: 

1-1 Jse 

Lemma 5. H is unitarily equivalent to ^^srejr^^O***)* 
Lbmma 6. For every Borel function k we have 

VDWr, . . . . r^) « |f e I LVS) 1 1 l^im^ N^Ml^Nidt) < ooj 
and 

(Up(T„ .... T,)f)^t) = pmJf)Nit). 

Here U denotes the unitary map U : H-*-^^ L^ijufj) established in the previous 
lemma. We have also used the notation for f=^^ Fjff e L*(p^f), Fjy= 

(^iVl ^Nn)' 

DBUNmoN 3. Let (7i r^) be a commuting it-taple of self adjoint operators 

on a Hilbert space H and let {(jtfi)} be a family of finite n X n positive matrix meas- 
nres on the Boiei subsets of Jt^ and vanishing on the comi^emeiU of the Cartesian 
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product of the spectra of the operators 7\, . . . , T^. Let (7 be a unitary map 
between H and 2//-^^0"«)- ^® transformation £/ is an «x/i spectral represen- 
tation of H onto ^jfi L^Q4j) relative to {Ti Tj^ if the following conditions are 

satisfied: 

(a) for eveiy Borel function p defined JS-almott eveiywhae on JS* we have 

umTu . . . . r^) « e I L'OuX) 1 1 jjp{t)\\ iFum^y/^dt) < ooj; 

(b) T,)f)s{t)=^pmUf)M. 

Theorem 1. Every Hilbert space admits annxn spectral representation relative to 
an arbitrary commuting k-tuple of self adjoint operators defined in it, for any vtUue 
of the integer n. 

Thboreii 2, Let U be an nxn spectral r^regenUOlon tf ff mOo y^w L*(£) 

relative to a amnutfng k-tuple of self adjoint operators (7\, . . . , r^). Then to 
each K there corresponds a finite set N^^ H such that (p^)'^i/i*i)» His a ttireet gun 
of siAspaces Hff and U nu^ Hjf onto L*(j4t)- 

3. Ab Aaaljtie ScfnaeitelkM. We now speriaHie onr attention to tfie case 
H**L*{S, 2, v) where (S, y) is a positive measure apace. We shall further 

assume that there is an expanding sequence of sets •S„<=5', covering S, cash of 

which has finite v measure and such that for bounded Borel sets M<=^R'', the range 
of E{M) contains only functions which are y-essentially bounded on each of the 
sets S„, (c.f. [2], p. 1210). 

This restriction on the operators 7i, . . . , will be assumed to hold throughout 
this section. 

Lem>ta 7. Under the above hypothesis there is for each g e S, v) a function 
W defined on the Cartesian product of S and i?* which is measurable with respect 
to the product of v and the measure fi = {E(-)g, g) and which has the property that 
for every bounded Borel set M^R'^ and every F in L^{p) we have 

(0 v-ess sup f \Wis, < oo. 

(ii) {EmHTx, .... r^g)(s) = j^w{s, m^wx). 

ftoeCi Again we are in the sitnation of bemg able to refer to an existing result 
proved for the case of a dng^ operator noticing tiiat the aigoment used tiiere is 
applicable to our jxesent case. We refer the reader to (2, Lemma 9, p. 1211]. 

Li like manner, we follow the argument of Dunford and Sdhwartz and with 
reference to (2, Theorem 11, p. 1213] daim 
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Theorem 3. Let (S, 'L,v)bea positive measure space and let {S^} be an increasing 
sequence of sets of finite measure covering S. Let Ubea \x \ spectral representation 
ofL%S,'L,v) onto 2 

jVg^ L*(/i^) relative to the commuting k-tuple of self adjoint 
operators {T^, . . . , T^. Suppose for each bounded Borel set M<^R^, the range of 
E{M) contains only functions which are v-essentially bounded on each of the sets S^. 
Then for each element NeS? there is a function defined on SxBf and having 
the properties: 

(a) is measurable with respect to the product measure v X (Z' ; 

(b) for each bounded Borel set A/<= A* we have 



!ss sup f 1 W^is, X)\' ix\dk) <oo, n^U 

••8» JM 



v-ess 

the bitegnd existing in the mean square sense in 

This theorem gives an analytic representation of the spectral representation U 
as a collection of integral transforms in the case of a 1 x 1 spectral representation. 
The construction of an analytic representation for an nxn spectral representation 
is identical with that used for the theory of a single self adjoint operator. We refer 
the leader to [1, Lemmas 7, 8, Theorems 3, 4]. Accordingly we chum 

THEOREM 4. Let U be an nxn spectral representation of L^(S, 2, t) mto 
Xve^ L^iMij) relative to the commuting k-tuple of self adjoint operators (T^, . . . , 7^). 
Under the hypothesis of the previous theorem, for each Ne^ there are functions Wjff 
l^i<,n, defined onSxR'' such that 

(a) W*ff is measurable with respect to vx (Xj^; 

(b) for each bounded Borel set M<= R" we have 



v-essi 



•upf imilit)W'^s,t)Wi^s,t)fL^dt)<<x>, n^l; 

(c) ((t//)i«KO) - ( J/(«)»i;^OKd*))\ / e AS, S. y). 

the integrals existing in the mean square sense in L^ijj^f). 
ThbobemS. With Hie notatUm of Ae pretfious ^eorem we have 

/e L*(S, S, y), the integrals existing in the mean square senH in L\S, 2, r) and 
the series converging in the norm of L*(S, 2, v). 



Copyrighted material 



326 P. 7. BROWNE 

Our project is now complete. The reader will see that by reference to existing 
results and noting their immediate generalization we have been able to produce a 
spectral representation theory for commuting A;-tuples of self adjoint operators. 
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£P OPERATORS AND G£N£RALIZ£D INVERSES 

BY 

STEPHEN L. CAMPBELL AND CARL D. MEYER 

AasntAcr: The Fdationsbip between properties of the genera- 
Ifased invsne of il, ilf, and of Ae adjoliit ctAt A*^ are ttndied. The 

pnpoty that A^A and AA^ commute, called (E4), is investigated. 
(B4) geoendizes the property of A being EP,. A canonical form 
■ad a ftnognb for .^t aie given if a matrix >4 k 

• UflL^^^ ^^^^^^^ ^^^A^MA ^u^^^X^^^^ ID^AflMM^^A A^^k ABB^^Aft 

jHttMR ipaOB MRing wiMOBvcr ponon. I wanipiw aw gwwi* 

1. A bounded linear operator ^ on a complex Hilbert space A is called an 
EP operator if its range, R{A)y is closed and R{A)—RiA*). This concept was 
inbodnoed far matfket by Sdiwndtfc^ in [14] and has been studied in detail 
by several aothois [I], {9], [10], [11], [12], «/ d/. For bounded linear operators 
il with doted range, the genenHzed inveise of il, il^ is defined to be tifatt b^ 
opentOTill^P^toBiliistheieftfictio&of AtoitU*)aiu^^^the orthogonal 
projection onto R{A), Some equivalent definitions and properties of il^ are given 
in [2], [5], and [13]. 

There are some interesting relationships between normal operators, EP opera- 
tors, and generalized inverses. One phenomenon which frequently occurs is that if 
one obtains a statement which characterizes a normal operator and replaces the 
adjoint operation (*) by the generaUzed inverse operation (f), then the resulting 
statement, which shall be referred to as the doal statement, is a diancteiizitioB 
for EP qpenrtocs. For example, consider the statement **A is a normal operator 
if and onljr if ilM-iU V It is easy to veiil^ that the dnal. statement is an EP 
operator if and only HA^AtmAA^ is valid. Other relations of this type m^ be 
foimd in [10] and [12] v^bm finite complex matrices were considered. 

Our purpose in this paper is to ca^lore ftirther relationships between EP opera- 
tors, generalized inverses, normal operators, and binormal operators. In particular, 
we completely characterize operators for which A* A and AA^ commute by giving 
a block decomposition. 

2. We b^m by estaUisliing smne of the properties of (*) that we wish to exploit 
All openton are bounded linear operators with closed ranges. Except possibly for 
tiioee ooconing as blocks in block matrioes, thiqr map a given Hilbert space into 
itself. Bi4) is the set of all bounded linear operators on 4 with dosed range. If 
X, YeB(4), then [X, n-lT-IX 
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Theorem 1 . Suppose that As 3(4), Thm each of IhefoUowing implies the next, 

(NI) A is normal. 
(N2) is normal. 
(N3) [A*A, AA*]==0. 

Proof. (N1)=>(N2) is clear. To show that (N2)=>(N3), assume that A^ is normal. 
Fuglede's Theorem asserts that if B is normal and [C, B] = 0, then [C*, B]=0. 
(See [8, pp. 88-89] for a discussion of Fuglede's Theorem). Thus [A*,A^]=aQ 
and [A, A*^]=0 since [A, A^=0 and [A*, A**]^0. (N3) now foUows since 

{AA^A^A) - AA**A - A^A* - A*A*A* - {A^AKAA*). 

Openton latitfying (N3) wece ttndied in [4] ifben they were refemd to u 
Unonnal openton. (N3) alio appean in the work of Emiuy [7]. Examples exiit 
to show that none of tbe implications in Theorem 1 reverse. Condition CN2) may 
be replaced by 

(N4) {A,A*A]^0. 

Operators satisfying (N4) have been studied by Brown [3]. Implicitly contained in 
[3] is the fact that if the underlying Hilbert space is finite dimensional, then (N4) 
is equivalent to (NI). 

3. The next result is the (t) analogue of Theorem 1 . It is interesting that some of the 
same examples used to show the implications are irreversible wUl work for Theorem 
2 as for Theorem 1. 

Thforem 2. Suppose that A € Bify. Then eaeh efthefoUawbig inyUee tiie next, 

(NI) ^ is normaL 
(El) A is EP. 
(E2) A^ is EP. 
(E3) iA^y=iA^y. 
(E4) [AU,AA^]=0. 
FurHiermore all the bnplleatlons are proper. 

Proof. (N1)=>(E1) is well known. That (E1)=>(E2) is also clear. If 5, C e B{A) 
and BCB=B, then C is called a (l)-inverse for B. If BCB=B and CBC=C, 
then C is called a (1, 2)-inverse for B. Clearly B^ is a (1, 2)-inverse for B. 
We will show later in Theorem 3 that (E4) is equivalent to A^^* being 
a (1) or (l,2)-invene for A^, Then (E3) will imply (E4). We will now show 
(B2):>033). Snppose that is EP. Let NiA*) denote Hie nnU space of AK 
Thm relative to the orthogooal decomposition 4^R(A^9N(A^* ^ lum 

i4«=|^Q o] ""^^^^ invertible. Let ^=[^ Then [A,A^]=0 and the 
invertibility of T imply that C-^O and D^O, Hence 0. But il^— rf"^ 1 and 
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The same proof fhows thst if il* is BP, then ii^"->i4»^ 

Example 1. Let A= ^ ^j. Then is EP while A is not. Thus (E2)*'(E1). 
£xAMFLfi2. Let 

0 1 o" 
i4= 0 0 1 

.0 0 OJ 

Then A^=A* and A^^=A^*. Hence A^^=A^*=A*^=A^-\ But R^A^) and Ri^A*^) 
are unequal and hence A^ is not EP. Thus (E3)4>(E2). 

Example 3. Let 





"0 r 


0 


'1 0- 






0 0 




0 1 






'o o' 


0 


'l o' 






1 0 


0 1 




. 0 


0 


0 . 



where 0 



[2 2} 



Then 



If. 



-;][-: i] 

0 0 

A direct caloihition shows that A*A^* is not self-adjoint. Hence A^*^A*'*. However, 
it can be verified that [AA\ AUI^^O, Urns (E4)4»*(E3). 
Before proceeding we need the following well-known lemma [15, p. 58]. 

Lbmha \. JfPe B(^, P^^P, am/ llPfl ^ 1 , then Pisa self-adjoint projection. 

One use of condition (E4) is the following. 

Theorem 3. LetAe B{A). Then A'^ is a (tyinverse for A^ if and only if [A^A, 

AA'*]=0. 

Proof. Suppose A^^ is a (l)-inverse for A^. Then A^A^^A^=A^. Multiplying on 
the right and left by A^ gives (AU-A'^){AU^A^)=AU^A\ But \\aU^A^\\<, 
\\AU\\ \\AA^\\ = \. Thus (AU)(AA^)=AU^A'^ is self-adjoint by Lemma 1. Since 
AU and AA"^ are self-adjoint, and their product is self-adjoint, we have 
[AU, AA^]=0 as desired. Now suppose A^AAA^=sAA^A^A. Multiplying on the 
right and left by ^ yields the desired result. 

Note that if il^* is a (l)-mverse for A\ then it is a (1, 2>mverse. Thus if (E4) 
is known to hold one may calculate (1, 2)-inver8es for A* from with little 
additiraal work. 



T 0 
0 0 



:]. 



and 



4. EP operators have tht advantage of a simple canonical form, 

rr-^ 01 

an easily computed (t), I q qJ . Unfortunately, even in the &ute dimensional 
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case, EP matrices fona a very restrictive class. Not all matrices are even similar 

to an EP matrix. 

As we will see shortly, operators satisfying (E4) also have a nice canonical form 
and a (f) that is fairly easy to compute. However, they admit a much greater degree 
of variety, for every mattix is similar to a matrix satisfying (E4). This can be 
easily seen by observing that every blodc in the Jordan form is (E4). In fact, tbt 

r/, 01 

Jordan form can be written L. - wliere Ji is invertible, if it is present (lieooe 

(El)), and ^ is (E3). 

5. A condition implying (E4) will now be established. 

TteORBM 4. Let A e B{fy. If [A* A, iLl*]-0, Oien \A^A, iU^-O. 

nroof. Let aiA) be the spectrum of A. It is known that a{A*A) and a{AA*) 
have the same nonzero elements. Let /be the function defined cm die real line by 
/[0)»0 andytA)^! if k^fi, Ushig the spectral theorem for self-adjoint operators 
as found in [6, Chapter X], we can deAatf{C) for any self-adjoint opemtor C. 

Then/[C) is a self-adjoint ]W0{|ection onto the closure of R(C). Suppose that 
[A*A, AA*]=0. Then [f(A*A),f(AA*)]=0. But R(A*A)=R(A*) and R(4A*)'^ 
RiA), Hence AU=fiA*A\ AA^'mj{AA*), and the result follows. 



converse of Theorem 4 is not valid. In general, the (E) conditions are geometric 
statements about ranges, whereas the (N) conditions convey information on the 

entries of a matrix of A, that is, quantitative information. Thus one would not ex- 
pect conditions of the (E) type to imply any of the (N) type without additional 
quantitative assumptions. 

The next section is coocemed primarily with the matrix case and will contain 
applications of some of our eariier ideas. 

6. To determine whether il is EP it is necessary in prindple, to determine Jt(i4) 
and R(A*) or calculate A^. In applications using matrices this can be a time con- 
suming process if the matrices are large. To find A^A or AA^ requu-es finding only 
one of the ranges. With the exception of parts 2 and 3, which arc included for 
completeness, the next theorem contains several potentially useful reformulations 
of EP for matrices. The theorem is motivated by a result of Embry [7] whidi 
states that if both A* A and AA* commute with A+A*, then A is normaL 

TBBoasit 5. Suppose thai A is an Jixn ampUx matrix. Hun the following eofi- 
ditUms are equivalent. 




satisfies (El), and hence (E4), but not (N3) so that the 



(1) ^I5EP. 



(2) [AU,A+A^]=0. 

(3) [AA\A+A^]=0. 

(4) [AU,A+A*]^0, 
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(5) [AA\A-{-A*]=mO, 

(6) [A,AU]=0. 

(7) M.iU^J«0. 

FM Oeaify (1) impUes the lett To show that (2)s>(l), anume Huit AUiA+ 
il^->U+XV^i4. Then AU*+A^-A^A^A, Hence R(A)sR(A^'mR{A*), 
That MK^^mRiA*) and il is EP. The pcoofii of (3):>(1), (4)=>(1), and (5)s>(l) 

are similar. Suppose then (6) so that A(A^A)=(A^A)A or A = A^A^. 

Then i4y4^=(>l^^)(y4i4^). Since and AA^ are self-adjoint projections of the 
same rank, this implies A^A^AA^ and A is £P. The final implication (7)=>(1) is 
similar to (6)=>(1). 

EzAioiB 4. Siq^poee {s^, ei> . . .} is an orthononnal basis for a separable, 
infinile dimendoiiil, Ifilbeft space. Let 5 be tfie bilaterd s^ 
and eitended lineaity. Let P be the projection onto the sob^MWe spanned by 

{ei, . . .). It is easy to verify that S*=S Wd SS*=P while S*S=I, the identity 
Thus S is not EP since SS^^S^S. But S satisfies (2), (4), and (6). S* is not EP 
and satisfies (3), (5), and (7). The assumption of finite dimensionaiity was thus 
crucial to all parts of Theorem 5. 
The dual to Embry's result is valid even if if is infinite dimensional. 

TtettBii 6, Let A e B(^. If [A% A+A^»0 and [AA\ A-^A^^O, then A it 
EP. 

Proof. Suppose [AU, A+A^]=0. Then AU*+A^== A -^A^* A. Multiplication on 
tbe right by A^ gives {AU)iAA^)^AA\ Thus R{A)zR(A*), Sfanilarily [AA\ 
^+^^-0 gives RiA*)sR(A) and hence A is EP. 

In [10] it was shown for matrices, that if RiA^^RiA) and A^m,A*\ then i< is 
EP. We now improve this result 

Theorem 7. Let Abeannxn complex matrix. If R{A^)=R{A) and {A'' A, AA^\mm 
0, then A is EP. 

Proof. Suppose tiiat [A^A, AA^]=(), that is, that the projections onto R{A) 

and N{A) commute. Thus C«=/?(^) n R{A*)®R{A) n N{A)®N{A*) n N{A)@ 
N(A*)nR(A*). But if R(A^)=R(A), then R(A) r\ N(A)={0}. Since is 
finite dimensional, we also have R(A*^) = R(A*) and hence Jl(i4*) H {0}. 
Thus N{A) is perpendicular to R{A) and A is EP. 

If y4=S*, S as in Example 4, then R(A^)=RiA) and A^^=A^^ but A is not EP. 
Thus finite dimensionality was needed both for Theorem 7 and the original result 
in [10]. 

Not all the results of [10] can be improved by the substitution of one <tf our con- 
ditions. For example, it was shown in [10] that the matrix il is normal if and only 
if il is EP and [il^ il*]— 0. We cannot weaken is EP to any ^ (B2), (E3), or 

s 



Copyrighted material 



332 



8. L. CAMPBELL AND C D. MEYER 



[Ammt 



(E4). j^^ satkfies (E2), and il*]i-0, idiile il it not nonnaL 

7. The condition y4*]=0 is different from our (E) conditions in the quan- 
titative way discussed earlier. We give two examples to show that it is actually 
independent of (E4). 



EXA1IPIJ3 5. Let 



A = 



0 

0 



Then 



[111 



in 



0 
0 



L 0 



b^lt[i4^il*]#0. 

Example 6. Let A^^'^'^ 



0 
0 



0 
0 J 



and {AA\A^A\^Q, 



11^/2- 



Q ^j. Then A*^A^ and hence [il*,il^J=0. 
But [AU, AA^]:^0, Notioe alio that R(4^^R(A). 

8. The ptooi of Theoran 7 suggests that matrioet satisfying (E4) must have a 
nice standard form. 

Theorem Z. If A is an nxn matrix and [A^A, AA*]'^Of then there exists o 
unitary matrix U, and matrices An, i4u> A^x, ^ss sudt that 







Ai2 


0 


0" 






■/ 


0 


0 


0" 




A^V 


0 

■^31 


0 

An 


0 
0 


0 
0 




V 


0 
0 


0 

/ 


/ 

0 


0 
0 






.0 


0 


0 


0. 






.0 


0 


0 


/. 





An. ^81 
0 0 
0 0 



0 0 

0 0 

0 0 

0 OJ 



u* 



where if invert&Ie and each I is an idaUity matrix. 

Proof. Suppose [A'' A, AA^]=0. Consider ^4 as a linear transformation on C* 
with the standard basis. Since [A^Ay AA'^'\—0 we have 

C" = R{A) n R(A*)®RiA*) n N(4*)@R(A) n N(A)®N(A) n N(A*). 

Pick an orthonormal basis for each summand and combine to get an orthonormal 
basis for C", Let U*AU be the matrix of A relative to this new basis. Relative to 
the decomposition of C" we have U*AU=[Aij], \<,i,J<4, a 4x4 block matrix. 
An easy computation shows that Aij=0 except possibly for An, A^, A^i, and A^t, 
We note that dim[R{A*) n NiA*)]=^dim[RiA) r\ N(A)] since rank^*- 



1975] 



EP OPERATORS 



333 



rank i4**«iTaiiki4— rank i4'. That f^" "^"l is invertible follows from 

dim R(A)=dim R{A*) and the decomposition. 
If (£4) is satisfied and A k an nxn matrix, tiien A^ can be calculated from U 

and 1^^^ = 1 "^^^ 

LQi C'gaJ 



Ai2 



-1 

. In fact. 



Cu 0 0 

0 0 0 0 
LO 0 0 0. 



Tlw standaixl fom in Theocem 8 lias several iises. ad^ 
of calculating A^, it can also be vsefiil in producing examples and counter examples. 
The standard form was used in oonstrocting Examples 3 and 5. 

If ^ is allowed to be infinite dimensional, then we still get the first block form of 



Theorem 8, but 



A A ~\ 

may no longer be invertiUe or square. 
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A COMPARISON BETWEEN THIN SETS AND 
GBNBRALIZED AZARIN S£TS 

mr 

hL ESSfiN AND H. L. JACKSON 

1. hftniadkm. Let ^*(p^2) denote ^-dunenaonal Eudideatt ipaoe^ Z> the 
half apioe ddined by {P-Cxi, Xg, . . . , e R»:x;>0} and dJ> tiw ^ 
In R». The Martin boondaiy (aee [2D of D can be identified with dX> u {oo}. We 
lecall that the function h(P)=x^ is a minimal harmonic function on D with pole 
at 00. In 1$M9 (see [6]), Mme. Lelong defined thin sets at the boundary of J>, 
including the point at oo, of the type that we shall in future refer to as minimally 
thin sets. If u is a subharmonic function on D such that lim sup w<0 everywhere 
on BD and sup u(P)/Xp=/9<oo, she proved ([6], Theoreme la) that there exists 
a set E^D, minimally thin at oo, such that lim z/(P)/Xp=/3, P->oo, P e D\E. 
Conversely (see [2] and [6]» Reciproque la), her results imply that if £<=£) is 
minhnaUy tiihi at oo, then there exittt a subharmonic fimction ir on D tatisfying 
the above conditions such that 

Km STO »(P)M, < lim sop "(J^/x, - fi. 

If P=(xi, Xj, . . . , X,) and Q is defined such that cos 0=Xj,l\P\, O<0<7r/2, then 
Azarin [1] has obtained results which imply that if u is subharmonic on D and 
subject to the above restrictions, then there exists a set F<=^D such that 
lim«(/*)/JPj=/3cos6, P-»-oo, PeD^F^ uniformly in 0 where the exceptional 
set F satisfies the following tlunness condition: 

There exists a sequence of balls which covers F such that 

(1.1) 2n ('■n/^n)""^ < 00, where r„ is the radius of and is the distance 
between its centre and the origin. 

We note here that the results of Azarin have since been generaliased by Essdi 

and Lewis (see [4]). 

If E is contained in a Stolz domain K={P e D:0<,0<,0o<7r[2}, then 
lim((«(P)W-/S)=0, P-H.OO, P e K\E, if and only if Um((«(P)/|Pj)-/3 cos e)=0, 
^00, P € K\E, uniforaily in 0. If £c JTis a minimally tidn set at oo with respect 
to Z>, it follows that E must also satisfy Aaim*s condition (1.1). We shall show, 
however, that tiie oonvene does not hold (see in partiodar the cQroOaiies of 
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Theorem 5). Our main purpose here is to work out some of the relations between 
minimally thin sets at co which are restricted to a Stolz domain, and those which 
satisfy a generalized form of Azarin's condition. We point out here that Azarin's 
work, which extends and unifies earlier generalizations of the Ahlfors-Heins 
venum of tto Fhragmin-LiiiddOf principle, is applicable to exceptional sets in 
tbe half space itself. We only claim to improve on tiie results of Azaiin wbea tiie 
exoeptiomd set in question is restricted to a Stolz domain. 

Definition 1. Let h:[0, oo)-»-[0, oo) be a continuous non-decreasing function 
such that h(P)=0. We define D to be a generalized Azarin set with respect to 
h if and only if tiiere exists a sequence of balls {B„} sudi fliat their union covers E 
and such that 2 A(r«/it«)<oo, ^vfaere % is the radios of Jl« and i{« is ^ distance 
between its centre and the origin sndi ^t Rn-^oo as n-*-co. 

Definition 2. If a>0 and h(r)=r'f r>0, we shall say that £ is a generalized 
Azarin set of order a if it is a generalized Azarin set with respect to A. In R** {p^l), 
a generalized Azarin set of order 1 shall simply be called an Azarin set (see 

(1.1) ). 

Remark 1. Any generalized Azarin set of order a is also a generalized Azarin 
set of order «'» whenever a'>ec 

Notation: 

(i) Bn means an open ball in of radius r„ and centre where \F^\=R^^ 

(ii) Kis the Stolz domain {P e i>:O^O^0o<W2}. 

(iii) Let 5>1 be fixed and /„ be the mtersphete {P e R*:s''^\P\<s'^^}. 

Gog (l/r))-\ 0 < r_< s-\ 

(iv) y{r) = (log s)~* r s \ 

lo, r = 0. 

(v) If £ci> is a given set, c{E) denotes the ordinary (Newtonian if p=3) 

capacity in R" of E and we define E„=E n I„ so that c„=c(jBJ. In E", 

?.(£) denotes the logarithmic capacity of £ and k^'^X(EJ. 

Let us also state known oittaia for minimal thinness at oo for a set E contained 
in a Stolz domain: In R', a necessary and sufficient condition is that 

(1.2) i c j5"<»-''> < oo, 

(see Mme. Lelong [6], p. 131). In R*, a necessary and sufficient condition is that 

(1.3) ly(.Km<<x>. 

(see Jackson [5], Theorem !')• 

2. Some results on generalized Azarin sets. When is a generalized Azarin set 
minimally thin at oo 7 We start with two preliminary results. 
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THBoam 1. IfE'^UZ.iBn is a mibset o/R'(p^3) such that eaeh batt B^c 
/« n JT, tkenElsmMimttytUn at ao ifandanly if it is a genenOized Axarbi tet of 

Proof. Since £ is contained in the Stolz domain K, we can use (1.2). E n In=B^ 
is a ball of radius r,, and it ii dear that c„ = rr*. We also know Hiat s*^R^^s*^, 
Henoe cJj"<»-«^(rJJO*-*^cJj<»««»-«. Since the aeries J,ejf^^ and 
J Cn/j<"+*><»-w are oo-convergent, the theorem is proved. 

Remark 2. When p>2>, it is clear that Azarin's condition (1.1) does not charac- 
terize minimally thin sets at go which are restncicd lo a Stolz domain. 

Theorem 2. If E^yj^B^ is defined as in Theorem 1 subject to the modification 
that £c R2, then E is minimally thin at co if and only if it is a generalized Azarin 
set with respect to y. This means that 

(2.1) lyirJR^x 00. 

FtontL £is minimally thin at oo if and only if (1.3) is true. Since E n In=B^ is 
a disc of ndius r«» K^^w Thus Theorem 2 will be proved if we can show that (2.1) 
is equivalent to 

i22) 2y(rJO<oo. 

Since 5"^/?„<j"+i it is clear that rJs'^-^O, n-^-co, if either one of these two con- 
ditions hold. The function y is nondecreasing and henoe 

(2.3) y(rjs"^^) YirjRJ yirjs'*). 
Since 

yixy) = y{x)ymAx)+yiy)r\ x,ye (0. s"^], 
we also know that if ii is large enough* 

(2.4) ArJs'^') = YirJs'')yimY(.rJs")+ymr'' 

But r(l/j)>0, and it is dear from (2.3) and (2.4) that conditions (2.1) and (2.2) 
are equivalent 

Rbiiaik 3. Let £ be constructed as in Theorem 2 so that rjR^^s"^ for all ji. 
Then J? is a generaliied Azarin set of order oc for all o(>0, but £is not ndnhnally 
tiiin at 00. We can condude that in two dimensions a minimally thin set at oo 
which is restricted to a Stolz domain cannot be characterized as a generalized 

Azarin set of any order. 
We shall now oonsidor a suflkient condition for minimal thinness. 

TBBimi 3. IfEczKCR', {p'^y) such that Eiaa generalized Azarin set of order 
p-^l, then E is ndnlmatty tidn at oo. 
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Proof. By assumption, there exists a sequence of balls which covers E 
such that 2 (/JR„)'^^< oo. We now re-label the sequence {5„} to form a double 
sequence {B„^} such that the centre of each ball B„j lies in the intersphere /„. Hence 
■s"^^ny<-y'^S and it follows that 2n.y ('■ni/^n/)'^*<«> if and only if 
Zn.i 0'fnls"y~*<^- Let Cni denote the ordinary capacity in ip^^) of 
Er\B^ Then c,„^c(5„,)=r^" so fliat 

(2.5) 2c^-''^'-*'<oo. 



Since the capacity function is countably sabadditive (see [2], chapters IV, VTII), 
c(U/ '^ni- Henoe with tiie ponible exoeptioa of at moat finitely many 

we have 



It then follows from (2.5) that X<?i.(£>""*'"*^<a>. By (1.2), E is minimally thin 
at 00, and Theorem 3 is proved. 

Theorem 4. IfE^K^R* is a generalized Asarin aet with reapeet to y, then E 
is mbUmalty thin at oo. 

VtntL Aifuing as in tin previous proof, we have a sequence (^baUs sudi 
that j*^Jt«,<J^^ and tnch that 2njY(rmJ^<<0' ^ E^^EnB^, then 
^Sni)^ri^, Furthermore, XiE^tl^'^s-^MMmd (see [7], p. 5d) and thenfoce 

'^n.i y KEnils'^Xoo. The ordinary capacity function yoA is oountaUtjr sub- 
additive (even though A fails to have this property). Therefore 



By applying (1.3) we oondude tiiat E is minimally dun at oo. 

Remark 4. The results of this section remain valid for minimally thin sets at 
the origin provided that we modify our sequence of balls {B^} in such a way that 
the distance between the origfai and eacii B^ is greater tiian lero. 

Rbbiark 5. If p=3, the axis which is normal to dD constitutes an example of a 
minimally thin set at oo which is not an Azarin set of order 1. The implication 
proved in Theorem 3 is therefore strict in general. 

3. A Lemma. In the sequd, we need certain results from Carleson ([3], §§II-rV). 
Let A: [0, oo)— >[0, oo) be a continuous, non-decreasing function such that h(0)=0. 
If £■ is a bounded set, consider a countable number of balls {B„} with radii {r^} 
such that £«= \J„B„, and define Mf,{E)=inf'^h(r„) for all such coverings. 
For every compact set there is a non-negative set function /< depending on F 
such that 



c«(E) - c(BJ ^ 2 (Cn-i.,+C,,+«^,.,). 



00 00 



2 y(^»(£)/5") = I y o AiEJs-) ^ 3 2 y o A(£ < oo. 




(3.1) 
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for evoy baU of ndiot f, aod such that the follow 

(3^ M^F)^couL^n 

The ooottniftdepeodi ooljr on the dfaiMwmfcm p (see [3], Theofem 1 p. 7). 

We want to itDd^ the idatioii betiweeii tlw oDter meisiue i^^ 
Cx wifli vMpect to a kenel L whidi it defined hi the foOowhig way. 

Letnidflflne 

^•W=-|^ , p>2,r>0. 

If JSf if a noiMi^gitive, oootiiiiioiif incnaaiiig ftmctioa on R, we c o midc f kemda 
of the fonn L-iJ7« ^ which aie lettiicled lo that 

jUr>^^dr< CO, 

Rbiabk 6. Gaxieion ([3], p. 14) also aisamet that J7is oonvex, iiWi indnoet 
a atioiig fonn of tiw naxhnum principle ([3], p. IS) for L-potentialt. Sfaioe the 
potentfadi of oar kernel L mtidjf a weak form of fbt nuudmun prind^ at di^ 
ooverad by Ugtfwri ([8], p. 38, Ftodamental Lemma), flie couveUty pnputy of 
J7 is not reqaiied in the piooA of thoae lendtt in Garkton't book ^rtiidi we ihall 
need* 

JjMMAh LeiEcM»(p^2)beaboimikdseHf 

there exists a constant depending only on A and p such that 

(M) Mii(£) ^ oooit C£(£) 

where Cj^ is the outer capacity function with respect to L. 

Proof. We first claim that (3.4) holds for compact sets. If the compact set F is 
given, let ju be a non-negative set function associated with F such that (3.1) and 
(3.2) are true. Let 

u^(x) » jLdx— ^1) dfi(y) be the L-potential of ft. 

Aigning as in the second part of the proof of Theorem 1 in Carleson ([3], p. 28), 
we tee that if jk^ ig an arbitraiy point and if ^r)«/i((x: {x—xJi<r}), 

Mjix^ - j\r) d<SKr) ^ j^Lir) dHr) ^ A, 

Henoe i»{JP)^ACijiF), It fdlowa from (3.2) that 

M^{,F) <, const. C^iF), 
and we have completed the first step in the proof of Lemma 1. 



Copyrighted material 



340 M. ESS^N AND H. L. JACKSON [Angnt 

Secondly, we prove that (3.4) is true for open sets. We use the auxiliary function 
m'^ defined in Carleson ([3], pp. 6 and 11). It has the following properties: there 
exist constants Ci and Q depending only on the dimension such that 

If 0 is open, 

m«(0) » sup miiF), F compact 

(see [3], §2, (1.3) and (3.6)). Hence, since the lemma is true for compact sets, 
Mii(0) ^ const. n^O) ^ const, sup m((JP) ^ const, sup Ma(F) 

^ const, sup CiJlf) = const. Cx(0). 

Thus (3.4) holds for open sets. 
The result for general bounded sets is now immediate since 

Af»(£) « inf Af»(0), 0 open, 

(see [3], p. 9) and 

Ci(£) - inf Ci(0), Oopen. 

4. Ob lets nUdi are mtafanally fUm at oo. Let .EcJT be minimally thin at oo. 
How can we diaracterize £ as a generalized Azarin set? 

Theorem 5. If£(=^KcR* (p^2) is nOibnally thin at oo, then Bis a generalized 
A^trtn set with re^feet to any function h sudt that <f>tir) dh{rX<x>. 

Proof. Let c be the outer ordinary capacity function in R" (p"^!). If p=2, 
c=y ° ?.. Since c(rE)=r^^c{E) if />>3, and A(r£)=rA(£), y;=2, E is minimally 
thin at oo in R" (/»^2) if and only if 

2:c(£jo<«>. 

M 

(see(1.2)when/j^3and(1.3)when/?=2). By Lemma l,M^(£Jj'') ^ Const. c(£„/j''). 
Therefore, the minimal thinness of £<=i(r at oo implies that X ^h(^nl^'*)<^' 
For each Ji, there exists a covering of EJs"* by a sequence of balls each of 
radius r^, such tiiat 2i Kfid^^hi^J^+^' ^ <^ construct a sequence 
of {Bf^ of balb, each of radius r«<— j"r4< sudi that {B^f} covers .E^ and fijMUt^^L 
for each Smce h is non^decnasing, hir^JBt^^hifl^, and therefore 

2^(U^ni)^M,(£„/5")+2-. 

Summing over n, we get a double sequence of balls {3^} which covers E such that 
the corresponding generalized Azazin sum is finite. The proof of Theorem S is 
complete. 
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Corollary 1. Let a.>p-2 he given. If £<=^K is minimally thin at co, then £ 
is a gaierattzed Azarin set of order oc 

Fnwt Choosing 




0 ^ r ^ 1, 

r>l. 



it is easily checked that if 2, Jo ^y(r) dh{f)< oo, and the xesult is immediate 

from Theorem 5. 
We introduce 

y.W = f(log(l/r)}-«. 0 < r < e-\ 

Corollary 2. Let be given. If £<= a:cR> is minimally thin at oo, then E 

is a generalized Azarin set with respect to y^. 

Proof. Choosing A=ya, it is easily checked thatif«>l,j'^ ^(Oi^aCrXoo^and 
the result follows directly from Theorem 5. 

Remark 7. It is clear from these corollaries that a subset E of a Stolz domain 
which is minimally thin at co, is much smaller than most of those sets which can 
be covered by the coverings considered by Azarin ([1]). 

5. On radial projections. Let be minimally thin at oo. According to a 
result of Mme. Lelong (see [6], p. 132), the radial projection onto the unit sphere 
of those rays through the origin whose intersection with E have oo as a limit 
point has ordinary capacity zero. What can be said about the radial projection 
onto the unit sphere of those rays through the origin which hit infinitely many of the 
balls in a generalized Azarin covering of E with respect to a given function A? 

We need one more concept. Let h—[0, oo)->[0, oo) be a continuous, non- 
decreasing function sadh that A(0)a>0. If p>o is given, let 

Ai'"(£) = inf 2 /'(r„) 
where the set E is covered by a set of balls of radii {r,,} where r„<p for all n. 
The limit A^{E)=lim^ A^^\E) is the classical Hausdorff measure of E (see 
Carleson [3], p. 6). 

Theorem 6. (i) Let EcDcRp (p>2) be the union of a sequence of balls {B„} 
which has co as a limit point and such that T //(r„ //?„)< + oo. If E* is the projection 
onto the unit sphere of those rays whose intersections with E have co as a limit point 
then A^{E*)=0. 

(ii) Let g:[0, +ao)-»>(0, +ao) fulfil the same conditions as h and satisfy the 
in^uaUty h^g. If there exists a subset G^D n {P:|P|k1} such that A,(Gr)>0 
and A]k(G)a>0» itoi Aere exists a union E of a sequence ofbdOs {B^ as described 
in (1) sudt that G<^E* and such that 

(5.1) 2*(ri,/J{J<+oo. 

2«(rJJlJ-+fl0. 
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Proof. The radial projections of the balls {S„} onto the unit sphere have radii 
{rJRn}- If p>0 is given, can be covered by balls whose ladii {rJRt^^ are all 
^p, and such that 

ff 

Since the right hand member can be made arbitrarily small by choosing q 
aibitrarily large, it follows that A^(E*)=iO, and hence (i) is proved. 

If A is a ball of radius r and oentie P, let 7«B be a bill of radius «V and of 
oeatie«"P. Since AjXCf)»0, if » is given, vm can cover G by a o-tequeooe of balb 
(JO wiiose radii {i^ an all kss tban 2-« and such tbat 

2/«(r;j<2-. 

• 

We define Bt^^^TitSi, and E^Un.w ^m* It clear from tbe construction that the 

sum (5.1) associated with this set converges. Since G<=E* and Aj(G)>0, itfidlows 
from (i) that the sum (5.2) asBociatnd with the set £ divergos. We have proved 

(ii) and hence our theorem. 

As a corollary, we can characterize the size of projections of the type discussed 
here in terms of capacity. If a>0 is given, let be the capacity with respect to 
the kernel 

OoBOLLAiy 1. 1/E is a generattxed Azartn set of order a</— 1 thai C«(£*)«0. 

Pfeoel It follows ftom the flnt part of Theorem 6 tfiat Aj^Cfi*)iMO where A(r)»r*, 
a<^— 1. By maldng use of the first part of Theorem 1 in Carkson ([3], p. 28) it 
follows immediatdy that C«(£*)»0. 

Remark 8. If p—\<,cc<p then Corollaiy 1 is still valid but it is no longer 
significant because C,(5) =0 in tiiis CMe where 5 is tfie unit B^bae. 

Corollary 2. For each a.^p—1, there exists a generalized Azarin set £ of 
order a, such that CfiE*)>Qfor all fi<(t. 

PkoeC Let A(r)>i^ and dioose g^h sash that 

(5.3) r-'g(.r)-*0, r^O, foraU^, 0<fi<tu 

(5.4) r-^g(r)-^ CO, 

(5.5) If X.(r) - (g(r))ri. Z(r) ^ Ck)nst L(r). 

for all r suflkiently smalL 
For the definition of L, see ([3], Theorem 1, p. 28). One possibility is to tike 

g(r)=r'(\+Hry), where f<r)«max(log 1/r, 1). 

From (5.4) and (5.5), we see that the conditions for Theorem 4 in Carleson 
([3], p. 34) are satisfied. It follows that there exists a subset G of the unit sphere 
such that CiJiG)>0 and Ajk(G)~0. It is clear from Carleson ([3], Theorem 1, 
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p. 28), that A/G)=oo. It is also clear from (5.3) and (5.5) that C^(G)>0, all 
/?<a. We can now apply the second part of Theorem 6 to construct the set £ 
with the desired properties. 

Corollary 3. For each h such that 5l(h(r)fr) </r<oo, there exists a generalized 
Axarin m E with respect to k tueh that C^{E*)>0, where ^i')»]iiax(log 1/r, 1). 

FtoooC Apply Theorem 5 of Culeson ([3], p. 35) and Aen repeat the aignment 
of Goro]Iaiy2. 

RENfARK 9. It is clear from Corollary 3 of Theorem 6 along with Mme. Lelong's 
radial limit theorem for minimally thin sets at oo in (see [6], p. 132) that the 
implication proved in Theorem 5 is strict in general when p=2. One cannot hope 
tibenfore to diaiaclefte minfmally tidn eeti at oo at aa Azatfai let wtSa veipect 
to some ftmction h mdk that Jo 4i('') dh(r)<to. 

6. On classically thin sets in R*. A set £<= R' is thin at 0 in the classical sense, 
or simply thin at 0, if and only if there exists a positive superharmonic function u 
in some neighbourhood of 0 such that m(0)<4-oo, whereas limjj^o u(x)= + ao. 

If /„, c„=c(£„), A„=A(£„) are defined as in section 1 but subject to the modifi- 
cation that 0<s< 1 , then E is thin at 0 if and only if nc„< + co (see [2], p. 81) 
or 2n y(^n*'")< + oo. since Cn=>'(AJ and 'y{ixy"*}=nyix). Some elementaiy 
calculations show that £ is thin at 0 if and only if 

(6.1) I«y|^}<+«). 

WeieeallCsee [5], TheoronlOtiurtfismiiiimanytliinatOwidixaspecttoalialf 
piane if and only if 2!» r{^«*)<+«>, provided tliat £ is restricted to a Stolz 
domain. It is now dear that thin sets at 0 whidi are restricted to a Stob domain are 
neoessarifjr minimally thin at 0 with reqMct to a half plane and that this im|di- 
cation is strict in general. Since ordinary thinness is invariant wiUi respect to the 
invenion mapping* £ is thin at oo in R*if and only if 

(6.2) 2;»yA{^j<+oo. or 2»y{^}<«. 

where it is again required that 1 as in earlier sections. We shall now prove some 
oovering dieocems for thin sets at oo in R* whidi are analogous to oar eariier 
theorems for minimally thin sets at oo with respect to die half plane. 

Theorem 7. (Analogue of Theorem 2). Let E^st be defined as in Theorem 

2. Then E is thin at oo if and only if 

(6.3) IMr'H"*"** 
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Proof. Since 5"^i?„<5"+i we can repeat the reasoning in the proof of Theorem 
2 to show that the series 2„ ny{X„ls"} and ^„ ny{?.„ls"+^} are co-convergent which 
in turn implies that £ is thin at cx) if and only if ^„ ny{rJR^ < + oo. 

TBBOOim 8. {Anahgite of Theorem 4). Assume that Ec:R* can be eooered by a 
sequence of balls {B^} where each zj^r., |zjaj{;,} and oo as 

n-*ao,If 

(6.4) 2(iogiOy{^} <+«. 

E is thin at oo in R*. 

Proof. We define the double sequence {B„f} as in the proof of Theorem 4. 
Then the argument in the proof of Theorem 4 may be repeated to obtain 
2Li «(log *)yU«/*">^3 (log Rni)y » A{£^/j"}< + 00. The theorem foUows. 

I^boiubmP. {Analogue of Theorems^, If E is thin ai oq in "W^ and if his defined 
so that Jo ^^(r) 4ft(r)< + oo, then there exists a sequence of tSsks {3^} which cooers 
E such that 2n aog XMrJRn) < + oo . 

Piroot Now £ is tlim at 00 in K* if and only if 2n nciEjs""} < + co, and if we 
apply Lemma 1 of section 3 it follows that nM^{Ejs''}<+ oo. We now proceed 
as in the proof of Theorem 5 except that we now define Ihit covering sequence 
{B'ni} of Ejsn such that The covering sequence {J^} for each 

will necessarily satisfy the restrictions that 5*<J?«<<J***. It follows that 
J^hirJR^XM^iEjr'HTr* and therefore 

I, (log Rndh {rmlRni} < (n+ 1) log s[M^ {£„/^"}+2-"]. 

If we now sum over n it is dear that the double sequence {B^i) satisfies the require- 
ments of the theorem. 

Remask 10. We can condude from Theorem 7 that a generalized Azarin set 
with respect to y is not necessarily thin at co in R*. We pointed out in Remark 5 
that the implication proved in Theorem 3 is strict in general. We shall now demon- 
strate by example that the implication proved in Theorem 4 is also strict and that 
ordinary thin sets at oo in R^ are non-comparable in general with generalized 
Azarin sets with respect to y. In defining y we let s=e and note that \ly(r)= 
y(r)=max{log(l/r), 1}. We shall now construct a one-dimensional Cantor type 
of set [0, 1] such that C^(iO=0 whereas A,(F)>0 and note that the basic 
general idea is mentioned in Carleson ([3], p. 35). 

We now proceed as in ([3], p. 31). Let FsflLi Fn be the usual type of Cantor 
set with the special reqmrement that each F« consists of 2* dosed intervals eadi 
of length e«a2-**. We write F«s [J^ (/^) where eadi is a component interval 
of length e^. 
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Le\tm a 2. The Cantor set F that we haoe constructed above possesses the property 
that C^iF)^0 whereas Ay(iO>0. 

Proof. Since 2»2~Xfi«)=2n (2~")2"(log2)— oo it follows from Carleson 
([3], p. 31, Theorem 3) C^(f)^0. Let J„ be one of the component intervals 
of Fn, Then if m>n, ^ Vi'td^yMt where we sum over those intervals oi 
which are contained in /«. (In the case m^n+l, it is obvious that 2y(8M^0*y(O' 
The general case foUows hy an induction argument). We claim that my(F)>0, 
where m, is defined as in Carleson ([3], p. 6-7). In order to see this we observe 
that if F is covered by a finite collection of intervals of length {r„}? such that 
min{r„}^2-2" and such that r,=2-^', p^=\ , 2, 3, . . . , then 2v r(^)>2">'(fi„)= 
(log 2)~^. Because of the equivalence of nty and My (see [3], p. 7), we can therefore 
conclude that Af,(iO>0» and hence A,(f)>0 which proves our lemma. 

Reiiask 11. If we constructed a Cantor set F such that eadi 8»i«2^'*, tiien 
a slight modification of the proof of Lemma 2 shows that C^(F)^0 but A/F)wb oo. 

Theorem 10. We can construct asetE^ R' which is thin at oo but is not a gaierO' 
ttzed Azarin set with respect to y. 

PkMl be the image of tiie Cantor set Fas defined in Lemma 2 under a 
standard one-one mapping which carries the unit interval [0, 1) onto the unit circle. 
We can still say that Cy(£0»O and Ay(F)>0. We now let E^^TJ^E*) where we 
recall that r« is defined in the proof of Theorem 6. Then £«U^ has the 
property that £*=£'=£* for all n. Hence c(£*)=0, and therefore nc{0^< 
+ 00, which implies that E is thin at oo. We also have Ay(£*)>0, and hence can 
conclude from Theorem 6 that E is not a generalized Azarin set with respect to y. 

Remark 12. We can conclude from Theorems 7 and 10 that ordinary thin sets 
at 00 in R* are non comparable with generalized Azarin sets with respect to y. 
This observation trivially implies that the implication of Theorem 4 is also strict 

Remark 13. There is no difference between a classically thin set £ at 0 in R» 
(/)^3) and a minimally thin set at 0 with respect to a half space, if E is restricted to 
a Stolz domain [see [2], p. 150). The situation is somewhat ditferent at oo because 
minimally thin sets are preserved by inversion maps whereas classically thin sets 
are not (see [2], p. 148). At oo in R" (/j^3), classically thin sets are necessarily 
minmially thin but the converse does not hold in general. A necessary and sufii- 
dent condition that E be thm at oo m R' (p^3) is that 2n c{E^<co, For sudi 
sets an analogue of Theorem 1 would be that 2« (rJ>^<ao. Theorems 3 and 9 
have similar analogues. 

Some of these results have been announced in the Compt. Rend. Acad. Sd. 
Paris, 1 277 (30 juillet 1973), A, 241-242. 
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A NOTE ON UPPER BOUNDS FOR THE 
EIGENVALUES OF /-|-A/?y=0 



BY 



RODNEY D. GENTRY 



The aatiinl modes <^ a small plamu transvosal vibratkm of a fixed string of 
unit length and tension are detennined by the e^mvalues and associated eigen- 
ftmdions of the differential equation 



when the non-n^ative ftmction p describes the mass distribution of the string. 
That the distribution of mass on ^ string influences the modes of vibration, may 
be reflected by observing that the eigenvalues determined by the system (1-2) 
may be considered functions of the density p, v/here Xi(p)<X2(p)<. . . . It is 
thus a natural problem to investigate the restrictions imposed upon the eigen- 
values ?.n(p) when the density p is restricted to a specific class of measurable func- 
tions. The main result which we derive is the estabhshment of an upper bound for 
the nth eigenvalue when /> is a class of functions E(M, h, H) which we define 
in the following. Our result is a generalization of results of Krein [11, Theorem 4] 
and Sdmaiz [12, Theorem 3]. Kiein investigated the extremum of the eigeavaluet 
XJip) when p is l e s Qicted to tfie dass of bounded measurable ftmcticms having 
total mass equal to a fixed constant, M, and Sdiwarz considered tiie restriction 
to pleoewbe continuous equimeasurable densities. Ottos [1, 1, 3, 4, S] have ex- 
amined bounds for the eigenvalue A„(/?) when the function p is restricted to proper 
subclasses of the class of functions considered by Krein and when the density p 
is not necessarily bounded but satisfies restrictions on its form such as being 
convex, increasing, or Jo/'(0 dt being concave. 

"We consider a class of measurable functions defined on [0, 1] which is a natural 
extension of the class considered by Krein, £(Af , h, H), defined for each choice of 
measmable ftmctioos h and B and constant M satisfying 




3<0)-y(l)-0 



0^/»(x)^H(x) for xe[0,l]. 



and 
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by 

£(M. fc. fl) « |p I Kx) ^ p(x) ^ H(x), J dx = m|. 

FoT peEiM»h,ff)Kt(p) satisfies tbe inequalities A,(^^A,(p)^;i,(A), when 

^0 as the eigenvalues of (1) are known to vary inversely as the density function 
varies pointwise [8]. Thus X„(p) is bounded below for any choice of H and h. 

However, as h approaches the zero function the nth eigenvalue approaches 
+ 00. Thus the least upper bound for /.„(/') as p varies over E(M, h, H) conceivably 
could increase to infinity if the function h were decreased to the zero function. 
That this is not the case, and that in fact there exists an upper bound for /i.„(^) 
entirely dependent on the fimction H and independent of A is given by the 

TBBOKm. Let X„(p) denote the nth eigenvalue of a vibratii^ string under wilt 

tension, with fixed end points, and mass density given by the non-negative measur- 
able function p. If p is in the class of functions defined on [0, 1] having total mass M 
and bounded pointwise above by a measurable function H and below by a non-negative 
measurable function A, then where A* is a function of H and n only. 

Before inroving the Tbitotem yre observe that if the upper boundaxy function H 

is bounded with ^=sup //(.v)< co, xe [0, 1], then our result is contained in 
those of Kiein [11, Th. 4] and Schwaiz [12, Hi. 3]. Explicitly Kiein showed that 
in this case 

Thus tiie piincipk significance of our result lies in its apidication in the situation 
where the Amction H is not bounded. In this case it seems appropriate to comment 

on the existence of eigenvalues associated with the functions in E(M, h, H), the 
function H, and other functions derived from H in the following. Generally a 
solution of equation (1) is assumed to be a piecewise continuously diffcrentiable 
function J- which satisfies the equation (1) throughout the interval [0, 1]. However, 
since a measurable function p is determined only up to a set of measure zero, it 
does not make sense to ask that (1) hold for all x e [0, 1]. Thus instead of requiring 
a solution to satisfy (1) we ask that 0=yp^^' satisfy the equivalent int^tal equation 

(3) e(x) = aJJg(x. s)ip(x)r'(pii)y'%i) d^ 

where G is the Greens fiinction of the system — /(x)-iO, y(fi)^y(})w»0. In this 
sense, since the equation (3) is of Fredholm type with a symmetric kernel, 
the system (1-2) will havea sequoice of eigenvalues and associated eigenfunctions 
possessing the same properties as those obtained in the usual sense when p is 
assumed continuous. (See Tricomi [13, section 3.13].) In particular, as noted by 
Krein [11, (1.1)], for any non-negative measurable density p defined on [0,/], 
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the fint dgeavaliie of (1) on [0, /] subject to zero boundaiy conditions is given by 

(4) ^ip) = mm( Jjlv'W]' dx j j\\x)pix) dx^ 

irtwre is the class of continuonsly'differaitiable fiinctions y defined on [0» /] 
and satisfyhig y(P)>-y(0*O. 

Fkoof • Let p be a fimction in E(M, h, H) and denote by w« tiie nth eigenftinction 
of the system (1-2) with The fiinction partitions the interval [0, 1] into n 
nodes detennined by its zoos OBiX«<Xi<* • •<xw"b1. There exists at least one 

choice of the index i such that the interval T=(Xi, x^^^ satisfies the inequality 
Si p(x) dx>Mln. We then denote by /, the largest subinterval of /, Xf+S) 
such that p(x) dx=Mln. The nth eigenvalue A„(/)) of the system (1-2) with p=p 
is then the first eigenvalue of the equation (1) with the boundary conditions )'(0)= 
y{Xi+x—Xi)=Q and p{x)=p{Xi-\-x). By further constraining the problem we cannot 
decrease the eigenvalues and thus we have 

Kip) Kpo) 

where fi(p) denotes the first eigenvalue of the equation (1) subject to the con- 
ditions jv(0)=j(5)=0, and po(x)=p(Xi+x), Courant [8, p. 408]. 

Denote by po the symmetrically increasing rearrangement of po on the interval 
[O, S]. (See Beesack and Schwarz [7] and [10].) We next invoke a Theorem due to 
Beesack and Schwarz [7, Th. 2] to obtain the inequaU^ 

We note that Beesack and Schwarz stated their Theorem 2 for continuous densities, 
but Utilizing the characterization (4) and noting that the Theorem 378 of [10] which 
tiiey employed in their proof is applicable to measurable functions, their proof 
extends to measurable densities as considered here. 

We next let denote the symmetrically increasing rearrangement of the function 
H over the interval [0, 1]. Let denote the least value of / such that Jo ^Hx) dx^ 
MJln. We then have 

^^2\ H*ix)dx^\ H(x)dx^\ p{x)dx, 

n Jo Jxt Jmt 

Consequently, if we had 2/«>S, it would then follow from the above that 

n Jm n 
Hence 2t^^S and we can define the symmetric fimction over [O, S\ by 

(H+ix), if 0^x<.K. 

H^x)==lo, if U<x^SJ2, 

U.(S-x), if SI2<x^S, 
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Since p{x)^Bix) for x 6 / we have 

pf(x)^Ho(x) for x6[0.rJu[S-r«,S] 

and dearly po(x)'^Hq(x) for x e (/„, S—tJ. Consequently we may apply Theorem 
UIofBeesack [6]totiie!u]ictkms Jf* and fj^ on die interval [0,51 to 
inequality 

Again, although Beesack stated his Theorem III for continuous densities, his proof 
extendi to cover the case of measurable densities as considered here by utilizing the 
characterization (4) and noting that Beesadcs Theorem n, utilized in his proof 
of Theorem m, apices to measnraUe functions. 
Finally, we denote byXtlbt first eigenvalue of the system 

«"(x)+A://+(x)u(x) = 0. X 6 [0, 1 J 
u(0) = u'itj - 0. 
Then, due to the symmetry of J^, we have 

Combining the above we obtain our result 

The number XH is not dependent on tbc choice of p and since /« is a monottme 
deoeasing function of n, we see that to increase n tends to furdier constrain die 

system (5) and thus X* is monotone increasing in n. 

The bound A* given in the above theorem will not generally provide a sharp 
upper bound for X„{p)zsp varies over E{M, h, H) unless n = 1 and H is symmetri- 
cally decreasing. However the apriori existence of such a bound, valid for any 
choice of the function h, allows the application of Theorems 3 and 4 of Gentry 
and Banks [9]. These theorems then assert that for any differentiable function 

/(xi, xa, . . . , xj, the functional i^(p)=M(p), X^{p)) will actually 

assume its supremum on the class J?(Af, A, .£0 at a density p idiicfa is itsdf cxtren^ 
in the sense that is equal to either H{x) or A(x) for eadi X6 [0, 1]. This 
genenlizes the results of Kiein [11, Th. 5]. 
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PERMANENTS OF (0, 1)-MATRICES HAVING AT 
MOST TWO ZEROS PER LINE 



J. R. 



BY 



N 



Summary. Let Un denote the Ndl mfioigB number. Within the 
class of order n matrices of zeros and ones with at most two 
zeros in every row and column the minimum permanent is C/. 
iHtm n b even end— l+C^a vAen n ii odd. 

If ^=(a|^ is a real order n matrix, the permanent of A (per A) is defined to be 



^nr(n). sum being over all permutations tt e the symmetric 



group on n letters. Permanents have considerable combinatorial interest, a result 
in part due to the fact that 

(1) per ii B per B 

when At B are "comblnatorially equivalent*', i.e., when there exist permutation 
matrices P, Q such that B=PAQ. For example, the "probkme dos m&iages" 

asks for the number (Af„) of ways 2n symbols a^, a^, . • . ■> a„, bi, bz, . . . ,bn may 
be arranged in a circle so that the fl's and 6's occur alternately but a,, are not 
adjacent for any /=1, 2, . . . , w. The answer is M„=2n\ U„ where an explicit 
formula for the nth menage number U„ is known [4] but equivalently, it may be 
defined as the permanent of the order n (0, l)-matrix having exactly two 29er08 in 
evecy line (row or oolnnm), 

0 0 

0 10 1 
0 1 . 



(2) 



. 1 0 

1 0 10 

0 QJ 

or of any oombinatoiially equivalent matrix p]. 

Bfftfaer interest in pennanents is fostered by varions unresolved oonjectuies 
concerning maximum and minimum permanent values within certain classes of 



Keosived by dw editon DeoendMr 31, 1973. 
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matioes, e.g., [2]. In particular, the van der Waerden conjecture remains un- 
resolved [1]. Let &{n,k){^{n,k)) denote the class of all order nfO, l)-matrices 
having exactly n—k (at most n—k) zeros per line. It is the purpose of this paper 
to determine the minimum permanent within ^(n, n—1). Specifk^y we shall 

show: 

Theorem 1. The minimum penimient in 3lt{n,n— 2) UU^orneoenrnd ^\+U^ 
fornodd. 

Before turning to the proof we Bhull mtkn a simplification (Lemma 1) and oMain 
some useful formulae (Lemma 2). Use will be made tlw ftct that members of 
^ii,fi— 2) are combinatorially equivalent to (0, l)-complements of the direct 
sum of (0, l)-complements of matrices of type (2) of orders ^,^g, . . . where 
n^Px-^Pf^- * * * is a partition of n with all p^2, 

LbiiicaI. Iliembiinumtpeimmentin ^iH^n-^2)eanbefoimdinthemiienof^ 
foUawIng two subclasses of n— 2): 
(0^11,11-2) 

(iO the class of order n matrices cf the form: 



(3) 



"o 


11.. 


. 1 


1 






1 








B 




.1 







with B e ^(/i— 1 , n—3). (Note, since the constant line sum of B is two less than its 
order, all combinatorialty hiequivalent forms for B haoe beat implicUfy described 
alHwe.) 

fntt UA has minimum permanent withm the dass 0(n,H^2) then ne cm 
assume that eveiy one in A is in some line with sum exactly equal to n— 2, dse sudi 

a one can be removed without change in the permanent value. For convenience 
we shall say such a reduced A has "property R". Now suppose A ^ ■&(n, n—2). 
Clearly A cannot have a line, say a row, of sum n since by property R every column 
would contain two zeros and hence since the matrix is square, some row would 
contain more than two zeros, i.e., A ^ ^(/i, n—2). It follows that A has both a 
row and a column with sum ii— 1. Let the first column of be such a column, 
taking its zero to be in the first row. By property R the last n^l rows have row 
sums equal to ii~2 so the first row mnst be the one with sum n^L Hence il is of 
the form (3) with the row sums of .9 equal to 11-.3. Rqwating the argument for the 
column sums of Jl we conclude B e ■&{n— \,n— 3). 
It is obvious that an even simpler application of property it solves the analogs 
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problem of the minimum pennanent in 3S{n, n—\). Namely, the minimum per- 
manent in this class is Z)„, the nih. derangement number, for which an explicit 
formula is known but which can be equivalently defined as the permanent of the 
(0, l)-complement of the order n identity matrix [3]. 

By a "list" we mean a finite unordered set of positive integers. A particular list 
of length n wiU be denoted either as 

(4) [Px*P»"'tP^ 

or, more commonly as 

(5) (Pt,P^"'fP^' 

The notation (5) wOl be used rather than (4) when some tenns haw possibly been 
snpipiessedy i.e.« 

(Pu P*»**»9pi)^ [pit Pif'tPn* • • • » 1V*1 
for some non-negative int^jjcr v and for some pootive integers /7^^x> • • • t/^M+v 
By Ulpi,pt, . . . »Pi,] we shall denote the pennanent of the matrix which is the 
(0, l>oomplement of the direct sum of (0, l)-complements of matrices of type (2) 
of orders pii* p§, * * • » Pfit lespectivdly. XT some Pi^lt the corresponding snmmand 
will be an order one zero matrix. By (1) the vahie U[pttpu • • • > /^^l is independent 
of tlie ordering of the p/s and by Lemma 1 Ulpu • • • »/>m1> ^^^^ partition 
n=pi+p2+' ' •+/»^ of n, is the minimum permanent wanted. U(pi,p2, . . . ,p^ 
has the same definition as U[pi,p2, . . . ,py], the notation implying that indication 
of some matrix summands might have been suppressed. In particular, an equation 
involving U(pi,p2^ . . . ,p^), U(qi, . . . , q^), etc., holds when identical, arbitrary 
(positive integer) terms are adjoined to all lists. 

Lemma. 2. Ifk>l,l>l, 

k+l-l k-l I-l 

(6) t/(k,o=i/(fc+0+2 2 i/(0-Ii/(»'.0-lc^(/f,0. 



J^M, />l, (6) has themod^/ifnn 

CO i^iu 0 - 32 i^(o+2i^(o+i^a+i). 

///>2, 

(8) 1/(1, 0 = l7(/-l)+l/(/)+l7(/+l). 

Proof. Ifthezerointhe (1, 1) position ofthe matrix i4« in (2) is replaced by a 
one, the new permanent value, per A\t, is 

so by induction, 

(9) per^i = il/,. 
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Moreover, this is the permanent of any matrix obtained by replacing a zero of 
by a one since all such matrices are combinatorially equivalent. Let /(>1, />lt 
and consider the matrices which define U[k, /], U[k-\-l]: 



(10) 



0 0 
0 1 



1 



1 . 1 


0 




0 


0 


1 




1 


0 



0 
0 1 



1 0 
0 QJ 



0 0 
0 1 



1 



1 


0 






0 


1 


0 






0 


1 


0 






0 1 



1 0 
OOJ 



Theao mttrkes differ onfy in an onier 2 snlm^ 

sets of k-^l ones, no two in a line, oocntring in tbo two mstrioes (10) and by 
making me of (9), we obtain the identity {€). This fails if k^l, but a sljght modi- 
fication of the comparison ^ves 

UiU D-lUii)-2 i 1/(0 - l/(i+l)-1 1^(1. 0 

which is a rearrangement of (7). If /— 1>1 we can rewrite (7) with I— I replacing 
/. Subtraction of these two forms of (7) then gives (8). 

By (8) i/(l, l)>Uil+l) for l>2 so that except possibly for UiU 1), 2), 
pennanent values smaller than /) can be found among the vahies 1/(1+1). 
Theorem 1 will now be proven. First we show Uljpi,pt, > • • tP^^Uiq] if 



« = I Pi. 

i-l 



unless fi=2 and \pi—p2\ = l. Finally we complete the proof by showing 
U[k,k+l]==-l + Ul2k-\-l]. 

Frooff of llMeiaB 1. Our first reduction is to show: 

(11) U,k,l) = U(l+k)+U(l-k) if /c>l and I > k+1. 

Subtracting expressions for U(2, 4), 1/(2, 3) as obtained from (6) we have 

t7(2, 4)-t7(2. 3) = C7(6) + 17(5)+I7(l, 3)-C/(l, 4)-l7(2, 3) 
and using (8) this simplifies to (11) when k^2 and 1=4. The same approach works 
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for Uik, 0 by induction. Auume the xesutt for Uik\ I') for aU pain k\ l\k'>l 
and r>k^+l) tatisfying k*<k or /'</ if A;'->A:. Agwn by (6), 

U(K i)-U{k, /-I) = U(k+l)+U(k+l-l)-Uil, I) 

^^^^ -1U(U l)+Uii, 1 t/(i. /-l)-C/(fc, 1-1). 

Using (8) for the terms /), 1/(1, /—I) and applying the induction hypothesis 
to the two summations in (12) we obtain the result wanted. 

The proof of Theorem 1 has now been reduced to a condderation d those lilts 
of the form 

[k,k,,..,k,k+Uk+l,...,k+i] with k^i. 
We next note that: 

(13) UiKk)^Ui2k) if jk^l. 

Applying (11) to (6) and making use of (8) (assuming fc^3), we have 

(14) U(k, k) - iy(2ik)+2l7(l)+2t/(2it-l)-2l7(it-l, k) 

(15) U{k, k+1) - U(2jk+l)+2U(l)+i;(2fe-l)+l^(2fc)-l^(fe-l,k)-U(Jic,k). 

Equating the two ejqvessions for U{k, ik)-C^(2A:)-2C/(l) as obtained from (1^, 

(15) we get 

(16) U(fc, k+l)-U(2k+l) = i/(fc-l, k)-U(2k-i). 
So (14) becomes 

(17) Uik, k)- Ui2k) = 2{l/(l)+ 1/(5)- 1/(2, 3)}, it ^ 3 

after successive applications of (16). For ^»2 (14), (15) must be modified, but simi- 
larly equating the analogous oqnessions for C/(2, 2)— C/(4)— 21^(1) we obtain 

17(2, 3)- 1/(5) = 1/(1, 2)- 1/(3)- 1/(2). 
Consequently, for /:>!, (17) becomes 

Uik, ik)-l/(2fc) - 2{l/(l)+ 1/(2)+ 1/(3)- 1/(1, 2)} 
and Qsnig (7) for 1^2, 

U(k, k)-Ui2k) = 2{C/(1, l)-2[/(l)-L/(2)}. 
If we consider the terms in the permanent value C/(l, 1) we have 

(18) 1/(1, 1) « C/(2)+2l/(l)+l/( ) 
and therefore (17), for ^> 1 can be written 

l/(fc,fc)-L/(2/c)«2t7( ) 
80 that U(k, k)- Ui2k)^0 if /e>1 and the same result follows from (18) for Jk-1. 
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To complete the proof of Theorem 1 we note that U[k, k+l]^-i+Ui2k+i] 
for k^U This is readity checked for 2 and for k^Z (16) gives us 

A filial point should 1)e noted: For all ht^S, the mimmum permanent in 
0{nt If —2) is attained in ^n, n— 2). 
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QUASI-INJECTIVE AND PSEUDO-INJECTIVE 

MODULES 

BY 

S. K. JAIN AND SURJEET SINOH 

1. Let /{ be a ring with identity not equal to zero. A right /^-module is said to be 
quasi-injective (pseudo-injective) if for every submodule N of M, every /?-homo- 
morphism (/?-monomorphism) of N into M can be extended to an /?-endomor- 
phism of M [7] ([13]). An example of a pseudo-injective module which is not quasi- 
injective was given by Haliett ([4]; also see lemma 2 in this paper). It is known 
(Harada [5]) that a direct sum of finitely many copies of a quasi-injective module is 
quasi-injective. We show that if a direct sum of two copies of a pseudo-injective 
tDodxa»MlM^p&tndo4Bjp^^ [14] 
have thown independently that pseudo-injective modules over PID are quasi- 
injective. In his tfiesis, HaUett also showed that sdf-pieiido-iiijective gwieraliyiwl 
vnitaial rings are self4i4ective. In this pqwr 

module over a generalized uniserial ring is quasi-injective (theorem 4) and we use 

this to show that any torsion pseudo-injective module over a bounded hereditary 
noetherian prime ring is quasi-injective (theorem 5). An example is given that a 
pseudo-injective module over an arbitrary hereditary noetherian prime ring need 
not be quasi-injective. It is also shown that torsion free pseudo-injective modules 
over prime Goldie rings are injective and this extends an earlier result of Singh [14]. 

2. Lemma 1. A direct summand of a psatdo-b^ectloe moduk is paeudthbifective. 
The proof is ohvions. 

Theorem 1. Let Ni^Nz be a pseudo-injective module and a:Ni-^N^ Ite anwuh 
morphism. Then a splits and Nx is quasi-iryective. 

Ftaol Since tfioiN^NiWt given by ^((r(x)H(x, 0), xe^t, is a mono- 

morphism, it can be extended to an endomorphism rj* of Ni<^N^ lfq:Nt^Ni®N% 

and piNiBN^-t-Ni are natural injection and projection respectively, then A= 
prj*q:N2-*'Ni is such that Xa=I^^. Hence a splits. Let Ni®N[ = N2. So NiONz^ 
Ni®Ni®Ni and T=Ni®Ni is pseudo-injective by lemma 1. Write T=Mi®M2, 
Mx=Mi=Ni. Let N be any submodule of Ni and a: N-*-Ni be an i?-homomor- 
phism. If we treat iV as a submodule of T contained in Mi, then the mapping 
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r):N-*T given by r)(x)=(x, a(x)), xeN, is a monomorphism. Hence it can be 
extended to an endomorphism X of T. If q^-.M^-^T and p^-.T-^M^ are natural 
injection and projection respectively then /i=p$^i is an endomorphism of Ni 
which extends a. Hence iVj is quasi-injective. 

GoROLLAxy. AmodukMisqiuui-^^eetioeifandonfyifMQMispseikk^ 
The proof foOows fh>m theorem 1 and Harada [5]. 

3. In this section we study pseudo-injective modules over generalized uniserial 
rings and hereditary noetherian prime rings (hnp-rings). A right and left artinian 
ring R is said to be generalized vnisefiid for every primithre idempotent eotR 
eR (Re) have uniqiie compositum series as right QtSt) iE-modnIes. Tliese rings 
have been caOed serial by Eisenbud and Griffith [1]. A module JT of finite com- 
position tengdi is said to be nniserial if ft has a unique composition series. A pi^^ 
ring R which is left noetherian, left hereditary as well as right noetherian, riglit 
heredftaiy is called a hereditary noetherian prime ring (hnp-ring). For results on 
hnp-rings we refer to Eisenbud-Robson [2J, I^agan and McConnell-Robson 
[llj. 

IteOKBM 2. (Nakqyama: tee also [1]). Let R be a generattsed wibertal ring. 
Then eoery R-moditk is a Unet sum cfmlsertal modules. 

Hie above theorem shows that any indecomposable module over a generalized 
uniserial ring is a uniserial module. £ and F be two ittdeeoiDiKMabfe module 
over a genendiBed uniserial ring R and let m(£; F) denote tiie snbmodule of E 
whidi is minimal among the kernels of all hom om orphisms of £ into F; as £ is 
uniserial, m(E, F) is wdl defined and unique. m(ff, F)bO if and only if there exists 
a monomorphism of E into F. For any module JT, let E{X) denote its infective hull 
and 1{X) denote the omnposition length. 

Tbbosisu. 3. Let N be a module over a generalized wdsertai ring R. Then N is 
quast-ii^eetioe if and only if where N( are uniserial and /Qf^)^ 

l(N,H^(miEiN;^. EiN,)), ij e A. 

Proof. By theorem 2, N=®'^ N^, where are uniserial. Since R is noetherian, 
by Matlis [10], £(iV)=©2-£W- For convenience let us write for £(iVJ. This 
gives that any K-endomoiphism ciE^EiN) is determined by Jt-hotmom o rphisms 
between wious and Eg. Since a module ^ is qnasi-iiijective if and only if it is 
invariant under every endomorphism of F(jV) (Johnson and Wong [7])» we obtam 
that N^^J^^Nt is quasi-ii^ective if and onfy if oiN^SN, for all 9 € 
Homjj(£^, Ef), iyj 6 A. Let A'^ be quasi-injective. Let o:Ei-*-Ej be an /?-homomor- 
phism with ker a=w(£<, £y). If Ni^m{Ei, E,) then obviously ^(Ni)^^(Ni)+ 
^(m{Ei, Ej)); otherwise we must have m{Ei, Ej)'=^Ni. Then Njm(Ei, Ej)^a(Ni)^ 
Nf gives ANf)^^(Ni)+^(m(E4,£f)). Conversely, let the inequality hold. Let 
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o€liomji(Ei, Ej). Then using the inequality and the fact that m(£|, £^)£ker a, 

we immediately get 'if A'Jc a^.. Hence is quasi-injective. 

An analogous result for quasi-injective modules over hnp-nngs which are not 
right primitive was established by Singh in [16]. 

We now use the above theorem to obtain one of our main results. 

Theorem 4. A pseudo-b^ective module over a gaieralized wriserial ring R is 
quasi-Uyective. 

FntL Let be a pseudo-injective iS-modnle. By theorem 2, we can write 
Nit what Ni are non-zero nniserial modules. Let EtimE(N^, We |Mtove 
tfiat for all y € A, /(iV^^/'(iV^)+/(m(£<, E,)). Then theorem 3 will yield tibat 
JV^is quasi-injective. Clearly we only need to consider the case when m(£'|, £'y)<= AT^. 
Now by kmma 1 , N^QN^ is pseudo-injective. Let a : Ei-*Ej be an /?-homomorphism 
with ker a=m(E,. E,). Let Fj be the simple submodule of £'^. Since Ej is uniserial, 
Fi^Ni. Also then cr\Fj)<zNj. Define rj-.a-^F,) ->N,^Nj by r](x)=(x, a(x)), 
xG(T~^(Fj). 7] is an i?-monomorphism ; thus it can be extended to an i?-endo- 
morphism rj* of A^,©A^y. If A, : A^j-^A^jQA''^ and p/.N^QN^-^N^ are natural injections 
and projections, then pjri*Ki .Ni-^Nf is such that its restriction to a~^{Fj) is equal 
to the lestfktion of or to <r\Fi). Thus ker(/j,7; ker am{Ei, E^). Hence 

gives that ^(Ni)</'(Nj)+^(m(Ei, E,). This proves the theorem. 

A ring R is said to be right (left) bounded if each of its essential right (left) ideals 
contains a non-zero two-sided ideal. A ring R which is both right and left bounded is 
called bounded. 

THEOREif 5. Any torsion pxudo-injeciive moduk M over a bounded hrghrir^ R, 
is quast-ibtfectipe, 

Vnoi, Let jyr be a submodule of M and o:N-*M be an j{-homomorphism. 
We shall show that a can be extended to an /{-endomoiphism of Af. By an appli- 
cation of Zom*s lemma we suppose that Ny^M and a cannot be extended to any 
submodule N' of M containhig N prqpeily. Choose xeM such tiiat x^N. Now 

ann(x)={a e R | .xa=0} is an essential right ideal and so it contains a n<m-zero 
two-sided ideal (Eisenbud and Robson [2]). Set y4=ann(x7?) whKh is anon-zero 
two-sided ideal, and L={y e M | v. f=0}. Then L is a module over a generalized 
uniserial ring RlA. As L is fully invariant submodule of Af, L is also pseudo- 
injective. Hence by theorem 4, L is quasi-injective. Define an ii-homoraorphism 
/.\xR n N-^L by X{z) = o{z), z e xR n N. As xR^L and L is quasi-injective, 
X can be extended to an iS-endomorphism A* of L. Define a*:N+xR-*'M by 
o*in+xv)=a(n)+X*(xv). Then cr* is a well defined iS-homomorphism and is a 
jnoper extension of <r. This is a contradiction. Hence M is quasi-injective. This 
completes the proof of the theorem. 
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Remark. T. Lenagan [8] has shown that an hnp-ring is either bounded or right 
as well as left primitive. Thus the above theorem holds for hnp-rings which are not 
right primitive. The following example due to referee shows that the theorem is not 
true for an arbitrary hnp-ring. 

Example. Let O be an algebraically closed field and x, y be indeterminates. 
Let B=^{y)\x\ be the hereditary simple principal ideal domain over the field of 
rational functions <I)(y) where xf—fx=dj\dy,fe^{y). Then from McConnell 
and Robson ([llj, section 4), we have non-spht short exact sequences 

(1) 0-*--5 -—5 ..-5._^o 

(x+jr)B x(x+y)0 xB 

(2) 0-* ^ ^ B . 



sudi that 



{x-\-y)B 



(3) TITT^ 7 ^—rr (- lay) « 4 

Let M=Blx(x+y)(x+y-(lly))B. Then Jl/ is a uniierial module of length 3 
having proper submodules 



and 



xix+y)(x+y - ix+y)^x-\-y-^B 

xOc-\'y)B B 
x(x-{-y)\x-¥y-^jB \x+y-^jB 

and composition factors 7*, 5, and S. M is pseiido>injective since any mono- 
moiphism of Mi or Af^ is multiplication by an element of O (note by theorem 4.1 
in [11] that End(iS)=End(r)=<I>). But M is not quasi-injective since if 7r:Afi^ 
{MijM^fiaMi is a natural homomorphism and 7r*eEnd(M) is an extension of 
TT, then (MjKtr iT*)—{MJM^fvMi which is not possible as is dear from (1), 
(2) and (3). 

The above example also provides us an example of a uniserial pseudo-injective 
module ivliicih is not (jnastinjective. 

4. Next let jR be a prime Goldie ring with the « X « matrix ring D„ over a division 
ring D as its Ore-ring of quotients. Then by Faith-Utumi's theorem ([3], p. 91) 
there exists a subring K of R such that K^^ D^. It was shown by Singh [14] 
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thatif Mis a torsion freepseudo-injective ii-module and 1 eKtheaM is injective. 
Ifoewepfovideashorterpnxif of that theorem and do not assQi^ eK. 

Tbbobbic 6. Any UfrsUmfree pseudthi/^ective ri^t module M aver a prime r^ 
GoWe ring R is iitfective. 

ftooL Fintly we show that JIf has a non-zero injective snbmodule. Let g be 
the qootient ring of J?. It is wdl known that MQ is the injective holl of jR-modiile 
Af (Levy [9])> and is a direct sum of isomorjdiic simj^ g-submodnles Nt, Then 
U'^Ni n i(f is a uniform Jl-sabmodnle of jl/. Let K be a uniform sabmodule of 

M which is maximal among uniform submodules of M. We proceed to show that 
V is quasi-injective. Let be a submodule of V and a: W-^-V be a non-zero Jl- 
homomorphism. Since W, V are uniform and torsion free, a is an /?-monoraor- 
phism. Hence it can be extended to an jR-endomorphism r} of M. Then r) is also 
mono on V. As both V, t]{V) are essential extensions of r}{W) in Af, V-\-7]{V) 
is also an essential extension of in M. But V is clearly a maximal essential 
extension of riiW) m Af and is unique (Johnson [6]). So V-\-ri{y)=V. Thus 
Fand Fis qnasi-injeetive. But then Kis indeed injective as we proceed to 
diow. Since V is uniform, its injective hull E{V) is isomorphic to eQ vriiere e is 
a primitive idenq>otent of Q. We may regard K as a submodule of eQ. Since 
eQezHomjiieQt eQ) and V is invariant under every Jt-endouKMphism of e(2 [7], 
we get eQeV<=^ V. Set U=V n R. Then QeU'^Q, since QeU n /? is a non-zero 
two-sided ideal of R. Hence V=eQ and thus injective. Now by Zorn's lemma we 
can find a maximal family (A/,) of injective submodules of M such that 2 A/, 
is a direct sum. Then M must be equal to the direct sum of this family (MJ. 
Hence M is injective. 

Remark. Suppose R is an hnp-ring which is not right primitive and Af is a 
pseudo-injective /^-module which is not torsion. If the torsion submodule TiA£) 
is a direct summand of Af then it can be shown that M is injective. 

5. An example of a pseudo-injective module over a simple principal ideal domain 

which is not a quasi-injective module is given in section 3. In this section we give 
two additional examples of pseudo-injective modules which are not quasi-injective. 
First we prove 

Lbiiiia.2. Let M bean R-moduU whose lattice of subnwdules is 



M 



\ 
1ft 



^1 




0 



« 
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and Nx is not isomorphic to N^. Then the following hold 

(i) M is twt quasi-injective 

(ii) M is psetkbhbifectloe ^ the endomorphism rings of art isomor^Ue to Zl(^). 

ftooCi We first note tiuU any non-zero i{-endomoridiinn/ of M is either R- 
antomorphism <»- has its kemd equal to Ni<^Nt. From tfus it fdlows Hmt Hbt 
projection of i\ri0jV| to (or J\r|)camiotbeextendedtoanendoaioijdiismof jl/. 
Hence M is not quasi-injective. 

To prove (ii) let us assume that endomorphism rings End(A^,) are isomorjAio 
to Z/(2). Since A^.'s are non-isomorphic, any monomorphism of Ni, No, or N^^N^ 
to N must be an inclusion map and hence can be lifted to the identity map of M. 
This shows that M is pseudo-injective. Conversely, let M be pseudo-injective. 
Let /i,/2 be two distinct non-zero members of End(Ni). Define i{-homomorphisins 
gi-.NiQNi-t-M by ^j(«i+«a)=/<(«i)+«a. «i ^ ^i, Wj s JVg, 2. Then gi is an 
Jt-nKMiomof^iism and can be lifted to an Jl-endomoiphism /ki of . Set h'^ki—ht. 
Then Jky^O, A is not an antomoiphism and kahf^NiBN^ This oontiadicts the 
assertion made in the beginning of the proof. Hence Bnd(J\ri)figZ/(2). Smdaily 
End(J\rjs$Z/(2). This completes the proof of the lemma. 

We now give examples of pseudo-injective modules which are not quasi- 
injective — One due to Hallett and the other due to Teply. It may be verified that 
each of these modules has its lattice of submodules isomoiphic to the lattice in the 
lemma 2. 

Example (Hallett). Let R be an algebra over Z/(2) having basis {ej, e^, 
'Ht «». «•» «*} with the following multiplication table 



Then the right ii-moduk M^e^ is pseudo-injective but not quasi-injective. 

Example (Teply). Let F-Z/(2) and A^mFiJCl Then A^x) is a iAI(pc)-AJ(p^y- 
bimodnle in the natural way, and 



Ci €2 €3 Hi ^2 Ha /I4 



W4 



ei 0 0 0 0 0 

0 0 /ii 0 0 

0 0 0 Ra 0 0 

Hi 0 0 0 0 0 0 

Ma 0 0 0 0 0 0 

0 0 Ms 0 0 0 0 

0 0 ^4 0 0 0 0 




is a ring with mual binary operations. Let J/ be the light ideal 
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Then Af^ is pseudo-injective but not quasi-injecdve. 

Rbiiakk. In tibe above if the field two etements is replaced by an arbitraiy 
fidd K tbea one can verify that the corresponding modules are pseodo-injective 
ifandontyifJi:^/(2). 

We condude this paper with some open questions. 

Question 1. Let jlf be a right it-module with right singular submodule Ar^«(0). 
Is it true Hiat M is pseudo-injective if and only if Af is quasi-injective? 

The answer is known to be in the affirmative in the following cases : (1) Ulx^O, 
xeM implies x«sO (theorem 3.8, [13]), (ii) If it is a prime right Goldie ring (theo- 
rem 6, this paper). 

Question 2. Let /? be a commutative ring (with identity) and JIf be a pseudo- 
injective /^-module. Is it true that M is quasi-injective? 

We can show that if R is commutative artinian then Rji is pseudo-injective iff 
R]^ is injective. We may assume R is local. Then the minimal ideals are ail isomor- 
jriiic and henoe by pseudo-injectivity thore Is only one minimal ideal. Then by 
Nakayma*8 definition of (^-rings [12], J{ is a QF-nng. 

(Added Later) Professor Mark L. Teply in [18] has given a construction for 
forming pseudo-injective modules which are not quasi-injective. He uses this 
construction to obtain examples ^n^iidi answer in the negative the above questions 
1 and 2. 
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CONTRACTION PROPERTY OF THE OPERATOR 

OF INTEGRATION 

BY 

LUDVIK JANOS 

Abstract. It is shown that the operator of integration 
Fyix)'» l^iO dt defined on the space C(— oo, oo) of all con- 
tinuofis real valued ftmctkms on (—00, ao)iBaoootnctk»rafaitive 
to a Otftaio family of seminorms generating the topology of uni- 
form convgciice on compacta. However, as a contrast to this 
it is proved ttmt F is not oontcactive with respect to any metric 
on C(— oo, 00) induGing Ab abowe topoloQr on C(— co, oo). 

1. iBlniKtiaB. Let IT be a metrizable topological space and F:X-*X a oon- 

tinuous selfmapping of X into itself. We say F is a topological coniroetUm if there 
is a suitable metric p on A" inducing the topology of X and a constant q 6 (0, 1) 
such that p{Fx, Fy)<qp{x,y) for all x,yeX. 

Assume now A' is a Frechet linear topological space and F:Jf-*>jlf a linear opera- 
tor on X satisfying the following condition: 

There exists a sequence of seminorms {/>„ | aj>1} on A' inducing the topology of 
ITand a number g e (0, l)suchthat/?n(Fjc)^2p„(jc) for all e A'andall/i=l, 2, . . . 
It is natural to call sncb a linear operator F a generalized eontraetUm on IT. In 
[1] has been investigated a xaxsist geiMnl case «toe JT is a completely regular not 
necessarily metrizaUe topological apace and jFiX-^JT a contraction witfi respect to 
a suitable family of pseudometrics inducing the topology of X. 

Since die Frfehet space AT is a metrizable topological space a question arises 
whether a generalized contraction on X is also a topological contraction in the 
sense of the first definition. The main purpose of this note is to show that the 
answer is "no", exhibiting at the same time a contraction property of the operator 
of integration y{x)-»-ily{j)dt in the Frdchet space C(— oo, oo). We prove the 
following. 

"nmORBiL Let C«C(— oo» oo) denote the linear space of all conttnuous real 
wdued fioietions on (—oo, oo) endowed with the topology of vn^orm camergmoe 
on con^aeta, and let F\0-^ be defined by Fyix)^Slyit) dtforyeC, Then the 
openaor Fisa generaHied eontraetUm on C but it is not a topokgfetd eontraetUm 
onC, 
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2. Rfoof of At lk0OfHB« 



Leioia. Let X be a metrizable topological space and FiX-^X a self-mapping 
on Xsiuh that thefolhwbtg eondltUms are satisfied: 
(0 there is a fixed point x^eX o/F, i.e., F^x^rmx^ 

(u) Mtere is a metric ponX Mudag the topohgy of X rehtioe to wMeh Fisa 
eontraetion, i.e.» there exists a constant q e (0, 1) sudi that piFx, Fy)^qpix,y) for 

dnx,yeX. 

Then there exists an open neighbourhood U{Xq) ofx^ such that for any neighbour' 
hood V{xq) of Xq there is an integer A'o>l for which the following implication holds: 
k>ko^-^F^(U{Xo))<=: V(Xo), showing that the iterated images F*(?7(.Vo)) of Uixo) 
under f shrink into any prescribed neighbourhood F(jCo) of x^for sufficiently large 
values of k. 

Proof. This is a standard argument. 

We are now in the position to prove our theorem. First of all we observe that 
the topology of C can be induced by the sequence of seminoims defined 

sup |/(x)| for any n » 1, 2, . . . , and fsC. 

However, the operator f" is not contractive with respect to this family. As was done 
by S. C. Chu and J. B. Diaz in [2] in a diflfecent settiiig, yn achieve our end by an 
elementary modificadon of the seminoims. Indeed one finds easily that the equva- 
lent fiunily | n^l} of seminorms defined by 

;>„(/)= sup e-"-" |/(:c)l 
torfe C and fi»l, 2, . . . satisfies the relations 

for all /i=l, 2, . . . and^ 6 C, proving thus that F is a generalized contraction. 

Suppose now that our operator F:C-*C is a topological contraction. As tbt 
constant 0 e C is the fixed point of Fit follows that F would satisfy the conditions 
of our Lemma for some metric p inducing tiie tqpology of C. Let C7(0) be the 
neighbourhood of {0} in C existing according to the Lemma and consider tiie 
fundamental system of neighbourhoods {UQi, a) | n^l, a>0} of {0} defined by 

U(n,a)^{feC:pJif)<a}. 

It follows that there is some 1 and a>0 such that U(n, a)^ 1/(0) so that the 
neighbourhood U(n, a) also would satisfy the condusion <tf our Lenmuu Choosing 
F(0) to be U(tt+l, 1) we consider the fimction ^« e C defined by yJpe^^mO tot 
x^H tsaAyJ(,x)^X'-n fat x>n. Then obviously b^y^e U(n, a) for any constant b 
but on the other hand for every x>n and any ^^1 we have F*yjpe)>0. Thus for 
any it we can dioose bj, in such a way that 
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showing that the sets F\U(ft,a)) do not shrink into the set U(n-{-l, 1) as would 
follow from the Lemma and tfie oontradiction thus obtained completes the proof 
of our theorem. 

Rbmakk. If it is a metrizable topological space and F:X-*X a continuous 
sdfinapping then the sufficient and necessary conditions for F to be a topological 
contraction have been found by Ph. Meyers ([3]). It is an open problem to establish 

a similar characterization for generalized contractions dropping at the same time 
the hypothesis of metrizability of the space X. The question is: 

Given a completely regular topological space X, how to characterize those con- 
tinuous selfmappings F: X-*X for which there exists a family (p, | / e /} of pseudo- 
metrics Pi on X inducing the topology of X and a constant q e (0, 1) such that 

piiFx, Fy) ^ «ft(jc, y) 

for aU jc,7 eJT and aU ie/? 
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STABIUTY OF C£RTAIN DYNAMICAL SYSTEMS 

BY 

CLARK JEFFRIES 

Introduction. For n real variables {xj of time t we consider the following 
eqoatioiis: 

(1) dxJdt = J,a,^x,t)fM 

Throughout {a,,} and {/,} are assumed to be continuous. For any given initial 
conditions there is assumed to be at least one trajectory solution. We assume 
yj(0)=0 (so O = (0, 0, . . . , 0) is a critical state), /,(m) has the same sign as u other- 
wise, and lim^_^„ Jo/i(") ^^"= + Two cases which will be mentioned below are 
ff(u)^u and /^(u)=exp(i/) — 1 . The purpose of this note is to develop criteria for the 
(nential or asymptotic) stabiUty of (1) at O. 

SMdt We will prove the following 

Theorem. Suppose 

(i) for each x, /, / that t)<,0, 

(ii) for each x, t, /V j that either t)=aji(x, t)=0, or a^^ix, /)?£0, t)y& 
0, and aii(Xt t)lan(x, t)isa negative constant independent of x, /, and 

(iii) fof each Xft and eadi set of three or nwedisttnet indices iff, kt.,,,p that 

^Hl^to* . . . » an\. 

Then O is a stable critical point for (1), and all trajectories for (1) may be 
bounded in terms of initial conditions for x. 

Froat Define n positive real numbers {AJ as follows. Let . . .} be the set 
of indices of vaiiabks whidi interact with Xi. (A variable x^ interacts with Xi if 
there is some x, t such that a^ix, t)j^Q, or alternatively, a^ix, 0^0.) If the set 
of such indices is empty, let Xx= 1 and start over with x^. Otherwise, for each such 
index / let Ai= 1 , A,= —^lajjan, where for each / we choose x, t so that a^ix, t)^0. 
Using condition (ii) each such A, is constant and we abbreviate by A — — Aifli./fl^i. 
Next consider the (possibly empty) set of all indices {k, /,...} of variables which 
interact with at least one of (a^, jc^, . . .}. Define for new indioes A„ . . .} by 
X^^^XfiJoj^i. Condition (iii*) impUes that Hiis scheme is consistent For suppose 
Xi and Xa interact witii xi and with eadi otber. Then we must have ilt"* —^OultitL 
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and ^3=— Ai^ia/agi. Also we have ^3=— ^20^23/^32. precisely because of condition 
(iii). So it goes for all loops of three or more interacting variables. That is, this 
scheme may be extended to those variables which interact with (.v^., Xj, . . .}, and 
so on. When a maximal set of variables containing Xi is so obtained, start over 
with some other variable, if any, and so on. The final result is a set of positive 
numbers {AJ sudi tiiat if if^ j and x< and Xf interact* then A^^^= — for jc, t 
such that Oif^O, %f<0, and go for all x, f. UiftjwadXi and Xf do not interact, 
then XiOii^^Xfiii nonetheless. So for all M/, x, / we have A|a<|*— tiiat is, 
Ai^OnAT^*— JlJ^d^ijlT^. To smnmarize this paragraph we may say that the 
conditions are sufficient to guarantee the existence of n positive constants {A J 
such that the similarity transformation on {%) by the diagonal matrix with AJ'* 
in the /,/-enU7 renders {a<|} into skew form plus non-positive diagonal entries for 
each .V, /. 

Next define a Liapunov function <p{x) as 

<-i Jo 

Clearly <p(x)>0 unless a:=0. Clearly q?{x) strictly increases without bound on all 
radial lines in n-space away from CJ*. Finally, 

so <p(x) is non-increasing along all trajectories. The level sets of q)(x) are homeo- 
morphic to (n— l)-spheres centered about O. Hence any trajectory for (1) may be 
bounded by the initial state x in n-space. Q.E.D. 

Discussion. The case fj(u)=u is particularly simple and of mathematical interest. 
However, if /,(M)=A^y(e"— 1), iV,>0, then the theorem is relevant to theoretical 
ecology. Making the change of variables yi=Ni exp jc^ we have 

(2) dyJdt=2yiaii(y,t)(Ji-N,) 

where Sffiy, t)^aij(x, t). This is a direct generalization of the Lotka-Voltemi 
equations with critical state (Ni, N2, . . . , N„) [1]. Notice that {a<y} satisfies con- 
ditions (i), (ii), (iii) if and only if {a^} satisfies the same conditions. Thus if {3^} 
satisfies the conditions, (JVx, N%, . . . , NJ must be a stable critical state for (2). 
We state the above as a 

Corollary. 1/3^ satisfies eoiidUUms (i)» (ii)» (iii)» then (Ni, iVg, . . . , iVJ is a 
stabk critical state for (2). 
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The corollary may be interpreted as follows in mathematical ecology. Suppose 
the dynamics of an ecosystem may be expressed in the form (2), fulfilling the 
conditions. Condition (i) means that intraspecific interactions are of the self- 
regulating type. Condition (ii) means that for each pair of species and each x, t 
there is dtlier no interactioii or an interaction of the predator-prey or paiasite-host 
type, is possible widiocHidition (ii) that two species might interact onty at certain 
X, r, say, cnily in the absence of a preferred pr^ or only at certain times d the 
year. Condition (ii) would not allow, however, one species to affect a second species 
without the second species affecting the first. For example, condition (ii) would not 
allow a predator to kill its prey without benefitiii^ from the kilL Should, say, a 
preferred prey become abundant, the effects of a given predator and given prey 
per animal on each other would both be reduced. Condition (ii) requires that such 
reductions be proportional. 

Condition (iii) means that if for some x, t loops exist in the food web of the eco- 
system, then the loops must be in a sense balanced. For example, suppose zooplank- 
ton are preyed upon by botti cod and capdin and that cod prey upon capelin. 
This constitutes a loop in the Arctic Ocean food web. If the system may be modeled 
as (2), then for stability we mig^t ej^ect the absolute value of the products of the 
inlefaction coeffideats of the two cycles to be equal. 

It is important to note that such equality is invariant of rescaling. Given (2) 
suppose we define new variables *t^Yiyt» y<>0* Tbisa we have 



where the new coordinates of the oritical state are i^y = yfNf and the new interaction 
matixis dt,{z,t)^aii(y, f)y7*. Note that {i(,}ftilfills the conditions If and only if 
{ttft) flilfiUs the conditions. 

AcKMOWUD(»iBNr. I tuck gxUBoH to tibe rebm for her or his helpful suggestions. 
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FUNCTIONS BELONGING TO A DIRICHLET 
SUBALG£BRA OF THE DISK ALGEBRA 



BY 

BRUCE LUND 

Biowder and Wermer in [2] give 8 method for oonst^^ 
of tbe didc olgelna. In this note we diow that tiiete Diriclikt a]ge^ 
tain any non-constant functions whidi satisfy a Ltpsdiitz-one condition (m asnibin- 
terval of the unit aide. 

Let A he a uniform algebra on a compact Hausdorff space X (see [6] for facts 
about uniform algebras). We say that ^ is a Dirichlet algebra on X if A = 
{Re(f):f e A} is uniformly dense in Cji(X), the real-valued continuous functions 
on X. Let T= {z : |z| = 1 } and I/= {z : |z| < 1 } be the unit circle and the open unit disk 
in the complex plane. The disk algebra^ A{T)={f e C(T):f extends analytically to 
U) is a Diridilet algebfa on T (see, for example, [4], p. 43). Biowder and Wenner 
in p] give a method for constructing subalgebras d i<(7^ whidi are still Diridikt 
algebras on T, Their method goes as follows : Let be a homeomorphism of T 
sncfa that 4p(^M'0 a.e. with respect to Lebe^gne measure on T, Define 

A^ = A(T) n{fe C(T):/c p e A{T)}. 

Browder and Wermer show that Aj, is a Dirichlet algebra on T. In [1] Blumenthal 
shows that Aj, is a maximal uniform algebra in A(T). 

The method of showing that A, is a Dirichlet algebra is indirect in that the 
result hi obtiined by showing that there are no non-zero real annihilating mrasufes 
for No work appears to have been done on desoibing vi4iat types of fimctions 
may bekmg to A,, Our theorem below gives a result in this direction. 

Theorem. IffeAj, and if f satisfies a Lipschitz-one condition on some Subinterval 
of T, then f is a constant function. 

This theorem is a consequence of the following lemma whidi is of some inde- 
pendent interest. 

LBMifA. Si^pose FeA{7) and suppose there is an interval I^{€aff(it):a^t^b} 
to Una F is itf bounded varlaipm em LAgnanedMoAat 

^^mmO a.e. for <6[a,fc]. 
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Then Fii a constat JtmctUm, 

Fkoot We fint note that if I^T, then the Lemma follows directly from tlie 
following two classical results wfaidi may be found in [3], p. 42. 

(1) Ufe A{T) and iff(e'*) is of bounded variation on T, Hbenfie*') is absolutely 
continuous on T. 

(2) If /€i<(7), then/(e") is absolutely continuous on T if and only if 
fiz) 6 mU), Moreover, if /'(j) 6 HH!0), tben 



For the case It^ T, the idea of the proof is as follows. We multiply Fhy a. suitable 
polynomial in order to form a new function G which is of bounded variation 
along a simple dosed piecewise anatytie curve in 0 idudi contains /. Statmnents 
(1) and (2) can be applied to the Auction G • ^z) where ^(z) is a cooformal map of 
U onto tiie v^on lying inside the curve. The fibial result then follows by a simple 
argument. 

Let F(z) denote the analytic extension of F(e**) to U and let M=max{\F(z)\: 
|z|:^ 1}. An elementary computation involving the Cauchy int^ral formula gives 



Since we have G'(t^'m(dG(ttf*)/dr)e^ for 0^r<l, we may use (3) to condude 
that (dGinf^dr) and idGitt^)l9r) are continuous for O^r^l. 

We let V={K":a<t<b and 0<r<l}. Suppose <f)(z) is a conformal map from 
U onto V. Then <f> extends to be a homeomorphism of 0 onto F, and ^(e") is 
absolutely continuous ([3], p. 44). We will suppose that ^(^''O'"*** 

and (^(e"0=0. 

The hypothesis that F{e**) is of bounded variation along / implies that G ° ^{c'^) 
is of bounded variation on [0, t{[. Moreover, the continuity of {dG{rc"^)jdr) and 
(3C(re"')/5r) for 0^r<, 1 implies that G o <j>(e") is of bounded variation on [ti, 2w]. 
Consequently, G <> <f>(e^*) is of bounded variation on r. Since G o ^(z) g A(T), we 
can condude by (1) and (2) that {d{G • ^{^^)jdt) gives the boundary values of a 

ftmctionin/fi(CO- 

By hypothesis {dF((^*)ldt)^0 a.e. for te[a,h\ and from this we obtain 
</(Fo ^(e<OM)-'0 a.e. for t e [0, f J ([S], Corollary 2). If we let 



= iV*lim/'(re*0 a.e. 



dt 




Set 



G(2) - n2)[(i-r*2Xi-rt)r 



P(z) = 



then 



dt dt 



dt 
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a.c. for / e [0, 2ir]. But then 



F • ^e") 



a.e. for t e [0, ti]. 



dt 



dt 



Since F <> (f>(e'%d(P ° (f>{e'^))jdt) gives the boundary values for a function in H^ilJ)^ 
wc therefore conclude that {d{Fo <f>(e^^))ldt)=0 &.e. for / e [0, lir]. Since Fo ^(z) 
extends amdyticatty acRMs {«":ri<K^i}, it follows that F(z) is a constant fiinetioiL 
This completes the proof. 

Proof of Theorem. If /(e'') satisfies the hypothesis of the theorem, then F(e**)^ 
fop(e'^)EA{T). If/U'") is Lip-1 on {c'^:A<t<B), then is of bounded 

variation on p''^iXe'^ : A<,t<,B))={e'^ mKi <b}. The singularity of p{e'^) and the 
Lip-1 condition onf(<^*) imply that dF(e**)Jdt)'sO a.e. for r € [a, b]. We now apply 
the Lemma to oondude that F, and henoe /, is identically constant on T. 
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UNIQUENESS OF GENERALIZED SOLUTIONS OF 
ABSTRACT DIFFERENTIAL EQUATIONS 



1. Let O be an open subset of it and J7 be a complex Hilbert spaoe; (,) repre- 
senls scalar product in H. Let also A bo a. dosed linear operator with domain 
dense in and il* with domain i>2 be fts adjoint Under grapb scalar product 

and are also Hilbert spaces. By ^ denote the space of all infinitely 
differentiable functions (/f-valued) with compact support defined on Q. Qa{H) is 
equipped with Schwartz topology. Similarly, we define Q^{Dj), ^ai^^l) and 
^n(C); C represents the complex plane. By ^^(//)=^(£^n(C); H) we mean 
the space of all continuous linear mappings (//-valued) defined on ^q(C). In a 
similar way, we define 9'^(D^). For T G^n(C) and ue^'^iH), <«,T> e H. It 
is easy to show that if (u,T> e for all T e^o(C), then ue^'^iD^. The 
/T-valued distribution space ^q(H) is also the dual of ^q(H). In this case, for 
<p e^a(H) and »€^n(//), <«, Y) e C. 
We define Au, for u e^(l>j) by the relation 



for aUT 6^j|(C); Au e^J?). 

For oonvenienoe, we write L^(ll()(dldt)-A and L*-(l/0(4fdir)-il*. Bf 
R(X; A), we denote the resolvent operator ofA,XeC.la. view of imposing con~ 
diti(Mi on A, we need: 

Definition. Let ^ be a family of parallel lines {Im A=t„, t„-^c» as ii-»-oo, 
r«-*-~Q0 as n-*-^ oo) in the complex plane C. Let r be a positive real number and 
y, m be positive integers. We shidl say that the resolvent R(X; A) it of (J,rtmy 
growth on ^ if JR(A; A) exists for A outside / intervals of length r on every line of 

and for these X 

(1.2) \R(X; A)\ <, const. |Ar 

Throughout this paper, the 'const.' need not be the same constant 

2. We consider the abstract diflferential equation 



BY 



M. A. MALIK 



(1.1) 



<Ai,Y>«il<tt.y> 



(2.1) 



I du . . 

Au ■= / 

i dt ^ 
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The author has recently proved the existence of weak solution of the equatkm 

(2.1) imposing condition on the lesolvent AQ.; A*) in. [2]. In fact, he proved: 

Thbobbm a. IfR(X; A^) is of (J, r, my-growth <m then for mtery fe ^(ff) 
the equation Lu^f hae at leaet one week eobitkm ii 6^(fl)> i.e,, 

(2.2) <«.LV)-</.9') 
foraUq>e&iD'ji^. 

In this paper, we show that the loliiticMi u in Theorem A is not iiniqne and 
actually u eS'CilJ yjeUiaga tolntion of (Zl). We abo study the nniqacoess of the 
solntion ir (of Ln^O) vanishiog in a ne^^boorfaood of x e JL 

3. We prove: 

Theorem 1 . If R{X; A*) is of (j, r, m)-growth on the space of weak solutions 
of Lu=0 consists of more than one element. 

Intheproof of Theorem 1, we need the following: 

Dbrniiion. Wedefine F||asthesetofantie^Q(fOfiNiithat 

(3.1) <u,^v)^0 
fora]l9»e^a(2>2). 

Lemma 1. Let the hypothesis of Theorem I be satisfied and Oi, be two open 
snbeets ofR with Q| cQ^ Then Kb is denae in Vq^ wider the topology of 
i,e.,for 9> eSafJO) if(x, ^»>-0y5>r ai%^Vjt^(pt 9»>-0>&r attiisVo^, 

S. Zaidman [4] has proved a similar result for Ll^oi^y the space of locally 
square integrable ^-valued functions and Lemma 1 can be proved along the same 
line. 

Ffom Lemma 1, we immediately have: 

Lemma 2. Under the hypothesis of Theorem 1, if Kg=»{0} then for any QczR, 

Proof of Theorem 1. Suppose on contrary, that Vji={0}. In such a case, wo 
shall show that the weak solution of Lu^d^x does not eiist i.e., there exists no 
u e ^jtW satisfying 

(3.2) <ii.L*9>)-<A»x,9>> 

for all 9? e 2{Dj). As it contradicts Theorem A the proof will be complete. 

Now suppose tee eiists usSi'^iH) satisfying (3.2). For (pe9{D^ with 
supp (p c(0, 00) we obvionsfy have ^)*0 and so 

(3.3) <«,LV>-0 
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since Vji={0}, from Lemma 2, u=0 on (0, co); let Q.=(0, co). Similarly, m=0 
on (—CO, 0). So the supp i4 is concentrated at the origin and u may therefore be 
expressed as a finite linear combination of Dirac distribution and its derivative, 
hence: 

(3.4) tt«2«*®**** 

0 

Of^eH. Subttitatiiig (3.4) in (3.2) and using (1.1) after transposing the derivative, 
we have 

(3.5) i (a^ i^frW^'\0)-A*<p'''\0)) = (X, m) 

for an fe^siD^ and x^^-^ choice of <p in (3.5) sodi that 9'<^)(0)aO for 
k'm0,i,2,..,,n wtuxtu 9("+^>(0)fiO impliei the leading coefficient o^-iO. 
That ubO. It contradicts (3.2). This completes the proof. 

Theorem 2. Let i?(A; A*) be of(j, r, m)-growth on ^. Then for anyfe ^r(H), 
the abstract differential equation Lu=f has more than one solution ue^'jt{D^. 

Proof of Iheoiwi 2. From Theorem 1, there exists more than one u e^'j^H) 
such that 

We diaU show that w 6^^(i)J. Putting 9«T(g)x, W e^j^C) and ^ ^ in 
(3.Q we have 

(3.7) ^u, j- ^ T®x-i4*T®x^ - (/, Y®x> 

from where 

for all e D^. This implies that {u,^ e D^^Dj^ as il Is a dosedlmear qperator 
with domain dense in H\ (see [3], pages 196-197). Consequently, ii eSyiPJ) 
and satisfies Ae equation 

Tterai3. LttusS^g^DJ^heaaobaknof 

I at 

<3Wi/ r/ie resolvent R(X; A) is of (j, r, mygrowth on If for some xeRtmd «>0, 
u vanishes on (pc—e, jc+s), thai ubO. 
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Lemma 3. [2] Let R(X\ A) be of (j, r, m)-growth on ^ and ^ e C^iDj) be a 
solution of L<p=Q on a^t^b with {(c)sO, a<c<b. Then {sO on [a, b], 

TtotiidTktanmX Consider a sequence {a«; a«€^j|(C), 8uppec.c[— I/n, 
l/n]} such that a»-^, the Dime distribution. Let u €^(jD^ be a solution of 
(3.9). Consider the convolution if * a.. It is dear that u * a, e C(DJ), L(u * a^^O 
and for suflSdently laije n* 

SUpp(fl ♦ Oj n ^X— 6+^ , " <l> 

SO (u ♦ a J(x)=0. In view ot Lemma 3, « ♦ a„=0 on any interval a^t<,b containing 
X and so (u* a„)f/)— 0 for all teR. Consequent^ irsO. 

4. Finally, we present the following version of an example of S. Agmon and 
L. I^irenberg [1] where the conclusion Uke of Lemma 2 is not true. 

E3CAMPLE. In the space of all continuous complex functions defined on 7?, con- 
sider a dosed linear operator A'=i(dldx) with domain i)^ consisting of all 
functions vanishing at — oo. Consider tlie homogeneous equation 

on ti^t^tt, m(/, •) e D^. The operator '-iL^(lli)(dldt)-i(dldx) is a directional 
derivative in the (#, x)-p]ane. Aay solution u of (4.1) is constant on tibe line with 
direction (1.1) tymg in the strip [ft, /Jx it and need not be zero. However, if 
/^■a— 00 and «(/, x) is a solution of (4.1), then »aO; in fact, u is constant on the 
line x»/+c and vanishes at — oo. 
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INNER FUNCTIONS AND ISOM£TRI£S 

BY 

PAUL S. MUHLY* 

Our objective in this note is to prove a theorem about the spectral behavior 
of certain miiltipiKcation opastaa. It was motivated by and yidds an extension 
of part of a theorem of Lamer oonoeming the possibihty of imbedding the 
classical Haidy spaces in abstract ones. 

We fix a tf-finite measure m on a measure space AT and ive r^aid L*(m) either 
as a space of functions or as the von Neumann algebra of multiplication operators 
on L\m). Also, we fix a (closed) subspaoeSKof L*(m) and let U denote the algebra 
of all </> ^ A (m) such that A uni-modular function in U will be called an 

inner function. 

THBauOL suppose that (a) there is a function fin^ which vanishes at most on 
a null set such that the linear manifold {(ff\<f>e It} is dense in SR and (b) the only 
real-valued functions in U are constants. Then for each nonconstant inner function 
6 in U, the spectral measure of 6 regarded as a unitary operator on L\m) is mutually 
absohUely continuous with respect to Lebesgue measure on the unit circle. 

The result of Lumer is contained in the following coroOaiy whose proof we 
omit because it is easily constructed from the Theorem and straightforward 
arguments in spectral theory of the sort found in Chapitre III no 2 of [4]. Here, 
(T) and if °° (I) are the usual Lebesgue and Hardy spaces on the unit circle T. 

Cqkollart. Snppose that hypotheses (a) and (b) of the Theorem are satt^ied 

and that 6 is a nonconstant inner function in U. For each polynomial p{Zt £^in x 

and ion T, let p{d, 6) be the same polynomial in 6 and BonX. Then the correspon- 
dence p(z, z)-*p(9, 0) extends to be an isometric *-isomorphism from L°°(T) into 
L'^{m) which is also continuous with respect to the weak'* topologies on L^(X) 

and L'^itn) and which carries H'^iJ) into II. 

To see that Lumer's result is contained in the Corollary, momentarily let X 
be a compact Hausdorff space, let A he ix function algebra on X and let ni be a 
representing measure for a point in the maximal ideal space of yi. Then if 9Jt=i^(m), 
the dosure of ^ in L\m), U is H*{m), the intersection L"(m) n IP{rn). It is clear 
that 9R satisfies hypodwsis (a) with/taken to be the constant ftanction 1; and it 
wdl-known that stnoe mis multiplicative on i4,9R satisfies hypothesis (b)a8 weDL 
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Hence, given a nonconstant inner function, the Corollary shows how to use it to 
imbed Z,"(T) and H'^i'T) into V^{m) and H'°(m), resp.; and this is part of the 
result of Lumer. He also shows how to imbed the other L" and If spaces on the 
circle into the corresponding ones on X and our results yield this part of his 
theoiem too; but we shall not enter into the details. 

The proof of the Theorem is based on two preparatory lemmas of independent 
interest. 

If f> lies in U, then q)+ will denote the restriction 7 1 SPl of ^ to 9R and U|. win 
denote the algetoi of all such restricti<ms. 

LEtatk 1. IfVt satisfies hypothesis (a) of the Theorem, then U+isa maximal 
dteUan algebra of operators onVLIfht adcUtUm, SR satisfies hypothesis (b), then 
n^. is irreducible. 

Proof. Let /be a function in satisfying the conditions of hypothesis (a) and 
let dfji=\f\* dm. Then ^ is a finite measure and the map 17 defined by the focmnk 
Ug^glft g € X^ifi), is a Hilbert space isomorphism of £*(m) onto L*Qt) wliicfa 
carries/to the constant Amotion 1. It is dear that UL''(m)U-^^L'*(/t) and that 

if SW^t/HR, then UVIU-^ is the set of all 97 e L"(/i) such that ^jSK'sSW. Likewise 
it is clear that SIT satisfies hypothesis (a) with U replaced by UUl/-^ and / replaced 
by 1. Hence we may assume without loss of generality that m is finite and that 
/=1. In this case, hypothesis (a) implies that U=Z,*(m) n SOI and so if A is any 
operator on SDl which commutes with U+, then A must be the multiplication oper- 
ator determined by the function <p=Al in 5IR. But then, standard arguments (see 
[2, pp. 212-213]) show that lies in L'°(m) as well and thus A = <p+ belongs to U^.. 

Suppose 9R also satisfies hypotheds (b) and fhatP is the projection of 9R onto 
a sabspaoe whidi reduces U,.. Then P commutes tt|. and ao by what was just 
provedP*9tf for some 7 in it Since Pis iden^wtent, stakes on only the valnes 
zero or one a.e.(m). Henoe, by hypothesis (b), <p is constant and so P is either the 
identity or the zero operator. Whence U+ is irreducible and the proof is complete. 

Suppose t/is a unitary operator on a Hilbert space and let £"(•) be its spectral 
measure. If SC^q (resp., SCg) is the set of all /in JSf such that the scalar measure 
(^(•)/>/) is absolutely continuous (resp., singular) with respect to Lebesgue 
measure on T, then, as is well-known, ^j^q and are orthogonal supplementary 
spectral subspaces of U and so reduce every operator commuting with U. The 
space JS^^c (resp., ^g) is called the absolutely continuous (resp., singular) spectral 
snbspaoe of U and U is called absolutely continuous (resp., singular) in case 
SPjxi^SP (resp., SPg^SF), Suppose now that Kis an isometiy on a Hilbert space 
Jf and let W be its minimal unitary extension acting on the Hilbert space JT 
containing JHf. Also, let V={V \ 0®(F | with .^T =<?©^ be the Wold decom- 
position of V so that K I <^ is a pure isometry on <f and V\^ha. unitary operator^ 
(see [2, p. 74]). Since the minimal unitary extension of a pure isometry is a bilateral 
shift (of suitable multiplicity) and since these are absolutely continuous, it follows 
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that the singular spectral subspace of K [ ^ on y coincides with the singular 
spectral subspace of W on JT. So, in particular, W is absolutely continuous if 
and only if V\J~ is. Finally, note that the results of [1] show that every operator 
on Jt which oommittes with V is reduced by the singular spectral subspace of 

Lemma 2. Let 3)1 satisfy the hypotheses (a) and (b) of the Theorem and let 6 be 
a nonconstant inner function in It. 77?^// the isometry 0^ on 9Jl is non-unitary and 
{provided it has one) the unitary summand in its Wold decomposition is absolutely 
continuous. 

Proof. If 0+ were unitary, then 9Ji would reduce the unitary multiplication 
operator 0 on L}{m) and so 0 and 0 would lie in U. The hypothesis (b) would then 
imply that Q is constant which is contrary to assumption. If the unitary summand 
in the Wold decomposition of 0^ had a singular spectral subspace <f,s, then by 
the remarks in the preceding paragraph, «f^. would reduce U^.. By Lemma 1, then, 
<f £ must be either all of 9R w the zero subspace. Since the first case is ruled out 
by tiie fact that is not unitary, ^g—i^) ^ proof is complete. 

Proof of the Theorem. As in the proof of Lemma 1, we may assume without 
loss of generality that the constant function 1 lies in 9Jt. Since 0 is unitary and lies 
in the abelian von Neumann algebra L°°(m), its spectral projections lie in 
abo and so must be of the form Xj^ for measurable sets M. Let x^n^ be the spec- 
tral projection ooto the singular spectral subspace (tf 9 and let Jf be the span of 

the spaces ii-iO, 1,2 Then X reduces 9 and 0 1 is the minimal 

unilaiy eiteotion of 9^. on SR. By Lemma 2 and the renuffkt in the par^ 
ceding it, d | is absolutely continuous and, therefore, Jf and 3CjgL\m) are 
orthogonal. But then, since 1 lies in which in tumis contain^ in JT, this implies 
that m{Ms)={3: ^i^, 1)=0. Thus the spectral measure £(•) of B is absolutely 
continuous with respect to Lebesgue measure on T. To see that Lebesgue measure 
on T is absolutely continuous with respect to £( •) simply note that by Lemma 2, 
0 has a reducing subspace on which it is a bilateral shift. Since this implies that an 
£(.)-null set is a Lebesgue null set, the proof is complete. 
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INJECTIVITY AND EQUATIONAL COMPACTNESS 
IN THE CLASS OF K.-SEM1LATT1CES 

BY 

EVELYN NELSON* 

This note presents dbaracterizations of the injective and of the equationally 
contact Rrsemiliittte, whidi are analogous, respectively, to the cfaaiacteri- 
adons of the mjective semilatticrs given by Baua and Laloer [2] and of tiie equa> 
tionally compact ■wnilatticrs given by Oiitzer and Lakser p]. 

It is known (see Banascfaewski [1]) that in an equational dass of finitary alge- 
bras, the existence of enough injectives guarantees the existence of injective hulls; 
it will be seen here that the class of ^<o-semilattioe8 has enong|h injectives, while not 
every Xo-semilattice has an injective hull. 

As a sideline, we will see that the class of Xo-semilattices also provides an example 
of an equational class of infinitary algebras in which Birkhoff's Subdirect Repre- 
sentation Theorem holds, but in which the Pure Representation Theorem (proved 
by Walter Taylor [5] for finitaxy algebras) does not hold. 

1. P rtJlMlwri ea. An Kg-semilattice is a semOattioe S with the nsoal bniaiy 

operation a, and an additional Kg-ary operaticm A whidi associates with each 
eeStt (o> the set of natural numbos) the me^ A^**, and which satisfies the ob- 
vious identities. For a e S^, we sometimes write Am* or /\{a(n) | n 6 o>} 
for A 

S is the class of all Xo-semilattices. By "homomorphism" we will always mean 
mappings which preserve countable meets. 

Each Xj-semilattice S has a natural partial ordering on it given by a^b iflf 
a A b^ai with respect to this partial ordering a A ^ is the greatest lower bound of 
a and b, and A<^ ii the greatest lower bound of {a(n) \neo))tot aeST. The 
qnnlxd ''V** is used to denote join O^ast upper bound) with req>ect to tills partial 
ordering, and the symbol **A'* is used indiscriminately to denote meet (leait 
upper bound) of arbitrary (not necessarily countable) subsets. 

It is well-known that, for any semilattice S, the map which assigns to each se S, 
{t e S I t<s}, is a semilattice embedding of S into P(S), the set of all subsets of 5", 
with the operation of set-intersection, and that moreover this embedding takes 
arbitrary (existing) meets to the corresponding set intersection in P(S). In particular, 
it follows that every Xg-semilattice has an Kg-embedding into a power of 2, the 
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two-element Xo-semilattice. Consequently, Birkhofif's Subdirect Representation 
Theorem holds in S, and 2 is the only subdirectly irreducible member of S. 

Recall that the characteristic of a (possibly infinitary) algebra is the smallest 
inj&rute regular cardinal greater than the arities of all the fundamental operations. 
If il and B are algebras (of the same type) of characteristic m, then a homomorphism 
f\A-*B is a pure embedding (see Nelson [4]) iff, for all X, every subtet of A [X]* 
with fewer tlian m elements ii contained in tbe kemd of a homomoridi^ 
over whenever it is contained in the kernel of a homomoiphiam AlXh^B over 
/ (where A[X]isihc free extension of il by tiie set IT, in any equational dass con- 
taining both A and B). Since Kg-semilattices are oi diaracteristic K^, a homomor- 
phism f :S->-T in 5' is a pure embedding iff every at most countable subset of 
S[XY (S[X] the free extension of 5" in S by the set X) is contained in the kernel of 
a homomorphism S[A^->5' over S whenever it is contained in the kernel of a homo- 
morphism S[X]-*-T over /. 

Let N £ S have as underlying partially ordered set the natural numbers with the 
usual order; flien the embeddhig ^:N-^NxN given by 

^(0) = (0, 0) 
<K1) = (1.0) 
^»+l)-(m«) for n^l 
has a retraction, namely y:NxN-^N given by 

V((0, «)) -i 0 for an n 

V<(n, 0)) = 1 for all n ^ 1 

yiin, m)) = (n A m)+\ for n, m ^ 1, 

and thus in particular ^ is a pure embedding. However, p^ff) and pi<l> {pi,p%'. 
N X N->N the projection maps) are not one-one, and hence N is pure-reducible. 

Now, the homomorphic images of N are precisely those X^-semilattices which 
are isomorphic either to N or to a finite dudn. Thns 'iSfiT^ILSi (iel) k an em- 
bedding of N into a product of pure-irredndUes 5< sooh that, for each /, the 
compodte of/with the (Ih projection n»p is ojiio then each 5< is a finite cbam 
and hence USi (f €i) has a largest dement, say. But then the homomorphism 
Nl{x}]-*-n5< over / which maps x to j contains {(n A x,n) \ neN} in its kernel, 
whereas the existence of a homomorphism Nf{x}]-»-iV over N containing {(n A Xy 
n)\ite N} in its kernel would imply that N had a largest element. It follows that 
the Pure Representation Theorem (Taylor, [5, Theorem 3.6]) does not hold in S. 

2. I^ieelifily* RecaUthat5eSis&ij;ecfibe^S)ifreveiyhomomoiphismfiom 

a sub-^(o-semilattice J{ of an K^semilattice Tinto S has an extension to a homomor- 
phism T-t-S. Also, an extension T of an Xo-semilattice S is essential iff every 
homomorphism f :T—*-R in S whose restriction to 5* is one-to-one is itself one-to- 
one, and J is an injective hull of iS iff it is an essential, injective extension of S. 
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Bruns and Lakser \^} ihowed that a semilattice C is injective (in the class of all 
semilattices) iff it is a complete lattice and satisfies a A V X=W {a Ax\xeX} 
for M ae A and X^A. A simple modification of their proofs yields the following 
characterization of injective Kg-semilattices. 

FKOPOSmoN 1. An ^^MmOattice S is injectioe {in S) iff it is a complete btttiee 
and satisfies 

{*) fw aU emmtMe famines {Mii^ef subsets of S, 

AVM,= V A^O 

imm ^mMtitm 

"Pnei, If 5 is injective in S then it is an absolute retract in S, and henoe» by the 
remarks in §1 , a retnct of a power of 2. Every power of 2 is a complete, completely 
distfibntivo lattice and hence in paiticniar satisfies (*); smoe SJiomomorpiusmB 
preserve coimtaUe meets, it foUows by an argument analogous to the proof 
of [2, Lemma 2] that every retract of a complete lattice satisfying (*) is also a 
complete lattice satisfying (*). 

Conversely, if SeS satisfies the conditions of the Proposition, and if /? is a 
sub-Xo-semilatlice of Te S and /: R-*-S, then an argument analogous to the proof 
of [2, Lemma 1] shows that giT-^-S given by ^(0=V {f{r)\r^t,r e R) is a 
homomorphism extending/. 

Cgwxxary. S has enough ii^eetioes. 

In an etpiational class of finitary algebras which has enough injectives, eveiy 
algebnivrtdch has no proper essential extensions is injective [1]. That this is not the 
in the clan of Kricmllattices is seen in the next proposition. 

PROPOsmoN 2. For an "^Q-semilattice the following are equivalent; 

(1) S has no proper essential extensions (in S). 

(2) T/ie underlying Semilattice of S is an injective semilattice. 

(3) S is a retract of et>ery extension which is singly generated over S. 

Proof. (l)=>(2) : For any Xg-semilattice S, the canonical semilattioe embedding 
of S into its semilattice-injective hull given in Bruns-Lakser [2] preserves arbitrary 
(existing) meets, and hence is an Xg-embedding; since it is essential as a semilattice 
homomorphism it is essential as an Ko-semilattice homomorphism. Thus if 5^ 
has no proper essential extensions then it is equal to its semilattice-injective hull. 

(2)=>(3): Suppose that iS satisfies (2), and that Sis an Xg-semilattice extension 
geoonted ov«r ^ by {a}.TbaxT»SKJ{uAa\ueS},JjttX''{seS\s<,a} and 
let b^Wg X» wheie V« denotes join in S, If, for «, 9 6 5, ii A aw A a then for 
an « 6 JT, If A f MM A f A AMP ASA a^v A s, and consequentiy u A b^u A 
Vif {v A # I f e JO^Wb {0 a « I # 6 Xi'mv A V« IT-BO A 6. &i partioilar, for ii € 5, 
if If A aCiStiien M A A a) A b^u A b. Thus we can define a fimction/:?*-*^ 
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by f(u)=u for u e S and f(u A a)=ii A b for ?/ e S. It is easy to check that/preserves 
all at most countable meets, and hence is a retraction of Tto S. 

(3)=>(1): Suppose S is a retract of each of its extensions which is singly generated 
over S. Let T be a proper extension of S, and let Tbe a proper extension of iS 
wbkk is singly generated over S, Let Vht an injective extensioii of S. Hie retractioii 
of R onto S followed by the embedding S-^V is a bxmomoifibkmf:R-*'V whidi 
is one-one on S but not one-one oa R. By the injectivity oi V,fhBB an extension 
/: T-^V, and tlien/is one-one on S, and not on&Kme on T, whidi implies tiiat Th 
not an essential extension of S, Thus 5 has no proper essential ^tensions. 

CofROLLARY. Not every ^Q-semihUtice has an injectioe hull (in S). 

Proof.. Any Xo-semilattice which is not injective in S, but whose underlying 
semilattice is injective as a semilattice, has no injective hull in S. An example of 
such an Xy-semilattice is the MacNeille completion M of the free Boolean algebra 
on countably many generators; every complete Boolean algebra is injective as a 
semilattioe but it is easy to see that M does not satisfy the distiibiitivity condition 
of Proposition 1. 

3. Equational Compactness. An algebra A of characteristic m is equationally 
compact (see Nelson [4]) iflf every subset 'L^AlXf is contained in the kernel of a 
homomorphism A{X\-^A over A ¥Fhenever every snbset of 2 with fewer fbm m 
elements already has this property (where A[X\ is the ftee extension of il by the 
set JT in any equational daas ocmtaining A), la paiticalar, 56S is equationally 
compact iff every subset S[X^ (5[Jnthe fiee extension of in S by the set J3 
is contained in the kernel of a homomorphism SIX}-*^ over S vAenever every at 
most countable subset of S has this property. 

Gratzer and Lakser showed that a semilattice A is equationally compact iff 
every non-empty subset of A has a meet, every up-directed subset of A has a join, 
and for every up-directed subset A and all a e ^, a A V X= V {a Ax\xe X}. 
A modification of their techniques yields the following characterization of equa- 
tionally compact Ktf-semilattices (yAum a partially ordered set is called K^-up- 
directed iff every at most countable subset has an upper bound): 

Proposition 3. SeS is equationally compact iff 

(1) every non-empty subset of S has a meet in S 

(2) every i^i-up-directed subset of S has a join in S 

(3) for eM emmtable families of i^i-up-direeted subsets of S, 

AVM«= V lA^i). 

Proof. Suppose SeS is equationally compact, and S is sl non-empty subset. 
Then every at most countable subset of 

S « {0 A X, x) I J e r} U {(m A X, m) I a ^ < for aU teT]c S[{x}]* 
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is ocmtained in one of the form 

y:^,. = {(t A X, x) 1 1 6 T] \J {{u hx,u)\u <,t for all / 6 T) 

where T' is a non-empty, at most countable, subset of T. Since the homomor- 
phism 5[{jf}]-^S' over S which maps x to A T' contains Sy, in its kernel, it follows 
that there exists a homomorphism /:«S[{j:}]->-5' over S with S^Ker/, and then 

A similar argument shows that every Kj-up-directed subset of S has a join. 
If iMdiM is aooiintablefiuiilly of Xi-up-diitcted subset! of 5flien {A<ea> ^(0 1 ^ ^ 
nAf|} is Ki-Qp-directed and hence has a join, a, say. Let 

L= U {(x,Am,m)|meM,} U {(a A A x<, A ^} S SliCJ" 

where X={Xi | z 6 co} is a countable set disjoint from S. 

If, for each /, A/,' is a countable subset of M,, then in view of the Xi-up-directed- 
ness of Mi there exists w, e with nii'^m for each /« e Also Atea ^i^^- 
Thus the homomorphism f :S[XTr*-S over 5 with f(x^=mt contains A<6i»{(*< A 
m,m)\mG Aft} u {(a A A<6« Aiea *<)} its kemcL Thus every at most 
countable snbset of £ is contained in the kernel of a homonuvphism S[X\^owt 
S, By the eqoational compactness of S, there exists a homomorphism h:SlX)r*S 
over S with 2s Ker h, and then A<«a V Af<:^ Am* k(Xi)^a; the revene inequality 
is trivial, and tiius S satisfies (3). 

For the converse, suppose SgS satisfies (1)— (3) and that X^SIX]^ such 
that every at most countable subset of 2 is contained in the kernel of a homomor- 
phism 5[A^->5' over 5. Then the No-semilattice also satisfies (1)— (3). For each 
<f> G S^, let f :S[X]-^S be the homomorphism over S" extending <f>. Then for any 
Ki-up-directed subset A^S 5'^ , the mapping ^^:5'[A^-*5 given by <t*K{p)—^ ^tK^ip) 
is a homomorphism (tfiis follows from the distributivity condition (3)) over S 
and hence, since its restriction to A' is V AT, <f>^=\/ K. Consequently, for any 
{p, q) e S[Xf, if JTsSf* is an Xi-up-directed subset such that q) e Ker(#) for 
eadi ^ 6 JTthen (p» q) e Ker(V^. 

Similariy if KsS^ is a non-empty subset with (p^)eKtit{f) for each ^eJ? 

tfaen(/y,9)€Ker(AiO- 
Now» by assumption, for eadi at most countable TsS, Kx'^{i^eS'\ TS 

Ker((^}9<0. It follows fiRWi tihe above remade that TsKttC^r). Let 

/\Kj.. Then, for each (p,q)E'Z, {<f>T\ (p,q) ^ TS^,\T\^^ is an Xj-up- 
di reeled subset of and (p,q)e Ker^^^i) for each at most countable S with 
(p,q)eT, and hence, by the above remarks, (p,q)eK.ci(f) where 
V(^T \iF»q)^ 2, iri^Xo). However, for each (p, q) e 

V{^r|(R«)6rsS.|rKK.}-V{^a.|TsS.m^K.} 
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(this follows essentially from the fact that if T is at most countable so is TU 
{(jf,q)}) and hence ^.^Kerip where v':'S'[^-*'S' is the homomorphism over S 
whose restriction to Xis V{^r | |r|^i<o}- Thus S is equationally compact. 

Note. The above methods can be used to show that 5" € S is (in the terminology 
of Gratzer-Lakser [3]), 1 -equationally compact (i.e. every subset 2c5[{.v}]2 is 
contained in the kernel of a homomorphism over S whenever every at 

most countable subset has this property) LGf it satisfies (1) and (2) of Proposition 2, 
and 5 A V T^V {<v A r | r e J) for all « e 5, all Kx-up-dkected TzS. Thus, in 
oontiut to the ntnation fanemilattioes, l-equatkmally compact it not eqnhikot 
to eqnatioiially compact in S. 

Corollary 1 . Every at most countable Ho-semilattice is equationally compact. 

Corollary 2. Every i^^-semilattice of at most countable hdghi in whidt eoery 
noiirempty subset has a meet is eqmtUmaUy cmnpact. 

Note added in proof: All of the foregoing works just as well with iqdaoed 
byoRgr infinite cardinal^, giving characterizationf of theiiyectiveaiidtibeeqiiitioii- 
ally compact -^-semilattices. By combining these results, or by analagous argu- 
ments, one concludes that the injectives in the category of all complete semilattices 
are precisely the complete, completely distributive semilattices, and hence (since 
the latter condition is self-dual) these also coincide with the projective complete 
semilattices. These results on complete semilattices were presented by A. Waterman 
ill a lemiiiar at McMaiter in 1966» and also appeared in Crown [Madi. Annalen. 
117(1970)295-299]. 
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ON SECOND-ORDER DIFFERENTIAL OPERATORS 
WITH BOHR-NEUGEBAUER TYPE PROPERTY 

BY 

ARIBINDI SATYANARAYAN RAO 

Avnuicr. L6t Bhtti bouiHted Uonr open tor havfng doiniin 

and range in a Banach space. If the second-order differential opera- 
tor d*ldt*—B has a Bohr-Neugebauer type property for Bochner 
almost periodic functions, then any Stq>anov-bounded solution 
of tfw differential equation {d*ldt^{f)—Bu{t)«'git) is Bochner 
almost periodic, wMi gif^ being a Stepuov-alniost periodic ooo- 
tinuous function. 

1. Suppose JiT is a Banadi space and / is the interval — ao<f <oo. A ftmction 
/ e L*^J; X) with l^p<co if aeid to be Stepanov^boimded or ^'-boimded on 
/if 

r rt+i -1 1/p 

(1.1) "^"^'^'^Ll m^Wds^ <oo 

(for the definitions of (Bochner or strong) almost penodicity and 5^-almott peri- 
odicity, see pp. 3 and 77, Amerio-Prouse [1]). 

Suppose that 5 is a bounded linear operator having domain and range in X. 
We say that the second-order differential operator d}jdt*—B has Bohr-Neugebauer 
property if, for any almost periodic Jf-valued function any bounded (on J) 
solution of the equation 

(1^ ^uii^^Bm^m on J 

is almost periodic. 
The otjeet of this paper it to establish the foUowing result 

Theorem. For a bounded linear operator B with domain D{B) and range R{B) 
in a Banach space X, let the differential operator d^jdt^—B be such that, for any 
almost periodic X-valued function f{t), any -bounded solution u :J->D{E) of the 
equatUm (1.2) is S^-abmst periodic. If p>lt then^for any S^-almost periodic cart' 
tinuous Xoahu^ fiotetitm ^(f), any S^-4HHmded aobOlon uiJ-^-DiB) of the equatUm 

(1.3) ^«(0-B»»(0-«(0 on / 

is almost periodic. 
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2. We shall leqoiie the foUowing result 

laoiK (A). Jfa d^erentUMe fimetkm hiJ-*X Is S^-obnost pertoOe, and ifK 
UimtfonnlyeoiUlnuomonJt then h and are both almost pertodk from J to X, 

Roof. See Remark (iii) of Rao-Hengartner [5]. 

3. Fkoof «f llMfaik By (1.3), we have the npreseatatiQii 

(3.1) u'it)^u\0)+j^Buis)ds+j*^gis)ds on J. 

From this icpresentatioii, we can show that u'(t) is unifonnly contiiiiioiis on / 
(see Rao t^. 

Now consider a seqiienoe {pJiOyZ^ of non-negirtive oontimunis ftmctioiis on/ 
such that 

(3.2) P«(0-0 for \t{^n-\j^^pJit)dt^i. 
The convolution between u and is defined by 

(3.3) (« • pj(0 =j^u{t-s)p,{s) ds = j^uis)p,it-s) ds. 
From (1.3), it follows that 

(3.4) ^ («*/>J(0--B(«»pJ(0 -(«•/> J(0 on J. 

As shown in Rao [4], (u * pJCO is bounded on 7 for all n^l and (g * />J(0 is 
almosC periodie from / to JTfor an 1 . 

Therefore it follows from our assomption on die opoator (PfA^'^B tiiat 
(« • /»«)(0 is 5Mdmott periodic from / to IT for all r^I. The only nse made of 
this assomptioin in this pqier is to ggarantee that (ti • pj(t) is almost periodic in 
the Stepanov sense. 

Further, by the uniform continuity of u\t) on /, we can show that (»' • />«K0 

is unifonnly continuous on J. 
Now we have 

(3.5) («*/»«)'(0-(«'*pJ(0 oil J. 

Hence (u * Pn)'(0 is unifonnfy continuous on/. Tims, by Lemma (A), (u * p^(t) 
and (ju' * p j(0 are both almost periodic from / tolTforallii^l. 

Again by the nnifoirm continuity of ii'(0 on /, the sequence of convolutions 
(u' * PiiXO co nv erge s to t/(t) as ii->>ao, unifoimty on /. So t^it) k almost peiiodie 

from JioX, and hence is bounded on J, Tlierefore u(t) is uniformly continuous on 
/. Consequently, (u * />„)(/>->«(/) as n->cx5, uniformly on /. So «(/) is afanost peri- 
odic from J to X, which completes the proof of the theorem. 
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4. Notes, (i) For /?=1, our Theorem remains valid for any iSMxiunded uni- 
formly continuous solution of the equation (1.3). 

(ii) Suppose X is a separable Hilbert space, and consider the second-order opera- 
tor differential equation 

■^a(0-Bu(0 =/(0 on J, where f: J X is 



an ahnoft periodic fiindkm aad ^ It a ooiii]deldy oostinnoiit linaar of^^ 

JT oommDting with its adjoint (see p. 258, Bochner-Neumann [2D. Hient by 
Theonm 1 of Cooke [3], the operator d^jdi'—B has Bohr-Neugebauer property. 
Now suppose that u{t) is an .S'-bounded solution (!</»< oo) of the above dif- 
ferential equation. 

If we replace ghyf in the proof of our Theorem, then, by the Bohr-Neugebauer 
property of the operator d^jdt^—By it follows that u(t) is almost periodic from / 
to X. Thus, in this case, the operator d^jdi'—B satisfies the assumption of our 
Tlieoieniforp>l. 

(ifi) Now tnppose IT is a Hilbeit space and if is a bounded linear operator in 
X with J^O. Then the operator tPldt*-^B has Bohr-Neugebauer property (see 
Zaidnian [6D. Consequent^, the operator d^jdt^^B satisfies Hbn hypothesis of 

our Theorem for p>l. 

(iv) Finally, suppose A' is a reflexive Banach space and B=0. Given an almost 
periodic A'-valucd function /(t), tsappoac »(/) is a bounded solution of the di£Gneik> 
tial equation 

(4.1) ;^«(0-/(0 on J' 
Then we have the repiesentation 

(4.2) u\t) m, u\0)+ j^fis) ds on J. 

By Lemma 2 of Cooke [3], it follows from (4.1) that u'(t) is bounded on J. Conse- 
quently, by (4.2), u'(t) is almost periodic from 7 to X (see Amerio-Prouse [1], 
p. 55 and Authors' Remark on p. 82). Therefore u{t) is also almost periodic from/ 
to X. Hence the operator d^'dt^ has Bohr-Neugebauer property. 

Now, given an S^-almost periodic continuous A'-valued function ^(/), suppose 
u(t) is an iS^-bounded solution (l^p<oo) o{ the differential equation 

(4.3) ^«(0 = g(0 on J. 
From (4.3), it follows that 

(4.4) ^ (" * PnXO = (g * />«)(0 on J. 

yAun {pniOyZa ^ ^ sequence defined in the proof of our Theorem. 
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Then (u * Pn)(t) is bounded on J and (g * p„)(0 is almost periodic from / to 

X. As shown above, (w * pJCO and (« • />«)'(0"*(«' * />«)(0 Aie both almost pexi- 

odic from / to X. 

By (4.3), it follows from Theorem 8, p. 79, Amerio-Prouse [1] that u'(t) is 
uniformly continuous on /. So (u' * /> J(/)-*-u'(0 as n-*-ao, uniformly on /. Henoe 
u\t) is almost periodic firom JtoX, Tlienfbie u(t) is imifonnly continuous on /, 
and hence (« • /»«)(f)-Hf(0 as ii-»>oo, nnifannly on /. Consequently, u(t) is almoit 
periodic fimn/to JT. So fbD opentor d^/A* ntitfieB tiie aienmption of our Theofem 
for l^<oo. 

The author wishes to thank Profeigor S. Zaidman for the fiaaaoial support from 
his N.R.C. grant dining the preparation of this paper. 
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AN APPLICATION OF PAIRWISE INDEPENDENCE 
OF RANDOM VARIABLES TO REGRESSION 

ANALYSIS 



RONALD A. SCHAUFELE 



Abstract. The exact probability of making an error at the 
first stage of a stepwise r^ression is found, both when the indepen- 
dent variables are fixed and when they are random. The proba- 
bilities differ in the two cases because the random variables 
involved are pairwise indq)endent but not jointly independent. 

1. Introdaction. In linear regression, an f-statistic (or /-statistic) is used to 
test the hypothesis that the slope is zero. The null distribution of each of these 
statistics does not depend on whether the independent variable is random or is 
fixed by the experimenter. The purpose of this paper is to show that the property 
does not cany over to multilinear i^giession and that the eiplanation for this fin 
in the pafrwise independence bat not joint independence of the various random 
variaUei that are involved. As well, it may serve to bring more attention to a 
"natural" example of random variables that are pairwise independent but not 
jointly independent, an example that does not seem to have achieved much notice. 

Lastly, a 1971 result of Draper, Guttman and Kanemasu [3] is generalized to 
include non-orthogonal estimators in the case where the independent variables are 
fixed. 

2. FwiWBiiBrfci Throii||ioiit this paper, we will use the foUowiiig oonvendon. 
Capital letters will lepgcsent random variables. Small letters will represent fixed 
variables or values of random variables. For examfde, if IT is a random variable, 
S(7\ x) win represent the conditional expected value of the random variable 7, 
ghwn X^x, Otherwise, Ei7\ x) will imply that the expected value of Fdepends 
fimctionalty on a (non-randcnn) variable x. 

JfY,Xx,,.,,X^ are random variables, wedefine//o=^F,/u,=£Ar,(/= I, . . . ,k), 
<ro.« VY, <r„= VX^ (i= 1 . . . . , k), a„-Cov(r, X,) (/ = 1 , . . . . fc), <r,,= Cov(^,. X^) 
(i, r=l, . . . , k; i^r). We let {i.=(/Uo, . . . y fi^ and 2 be the k+l by k+l matrix 
whose (i,y)th entry is au{i,j=0, . . . , A;). We let be the cofactor of in 2 and 
let £ be determinant of £. 
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Asfunie the foUowiog modd. risanoniuUxaiidom variaUefoditliat 

(2.1) JB(r|x)-/?,+ito 

(2.2) ViY I X) = <r,u,.., 

vibtse xt^Cxu • • • > ^t)- X) has a multivariitB noimil dntribotkm wiA 
panunden |& and £ (S positive definite), then 

(2.3) A-A«o-i ^iA^. 

(2.4) A - [(''•u . . . . <^«J5?'1« 

(2.5) <'b|i....,»" (^oit . • • » *f9kf?»\^n* ...» 

where So is obtained from 2 by deleting its first row and first column. In any case, 

we assume that — oo<^<< + oo (i=0, 1,. . . ,k) and that a^n t>0. Within 

this model, let 

Q-0-(A...-.^»):-<»<A< +00, f-l,...,ik}, 

let a);={pei2:/5,=0} and ft)7*=:{p eQ:/?<740} (/=1.2, . . . ,A:) and oooaider 

the 2* sabsets of Q given by as ^i'*^!* '•■l* 2 k, Tbeut 2* rabaeti 

form a partition of Q from ^vbicii we wish to dioose one snbset and assert that fi 
lies in it, i.e. we wish to assert some subset of the P*8 are zero and the rest non- 
zero. This choice wiU be based on independent observations Yi, Yz, . . . , 

associated with vectors Xj, Xo x„ (n>k) where x, is the value of if the 

vector (Yi, X,) is multivariate normal (/= 1,2,..., n). 

In Chapter 6 of Draper and Smith [4], six possible methods are listed for 
choosing one of the subsets of In this paper, we discuss some problems that 
arise from the forward selection procedure, the stepwise procedure, and variations 
fliereof . These prooeduras sDooessivcty add one more fi at eadi stage to tibioae that 
aie staled as bring non-aero nntil a stage is leacfaed at wfaidt any lenidning/rs aw 
staled to be xoo. At stage one, either one is asserted to be non-zero or all /8*s are 
asserted to be zero. 

To describe the mechanics of stage one, we assume, for the moment, that (F, X) 
is multivariate normal with where ^ is a diagonal matrix and that 

(li»Xi),(Jri,Xa),...,(r.,XJ are a random sample on (r,X). We let 

/-I #-1 i-i 

and 

n 

#-1 
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where i,r^U,,,,k (Mr). Now let 

Jl,-S„/(^/-SSi') 

^ ^ ^ *" S -S'lS 

for /=1, . . . , A:. It is easily seen that F~(/2-2)/?-/(l -/?•) so that F, and are 
I-l monotone increasing functions of each other. At stage one, one looks at 
sijSn, SltlSa and chooses the largest quantity, say SlijSa. It is conventional 
to assert that /)<fiO if and only if, for the corresponding F^, /V^/la-i.. where 
/x.N-M u the upper lOOoc percent point for the central ^1, n— 2) distribiition. 
Otherwise, all the /Ts are said to be zero. 
If we let S*^max(SttlSu, ...» sSJSm) and let F*«(it-2)5*/(5;»-5«), then 

(2.8) W ^ /i.„_2., I ? = |>) 

is the probability of making the error at stage one of saying that some fi is non- 
zero, when, in fact, all the /5's are zero. 

By inspection, it is seen that SoijSa is largest if and only if A< is largest (amongst 
the s) if and only if is largest (amongst the F's). Thus, 

(2.9) {F* < = n (f , < 

In later sections, we show that the are jointly independent central F(i,ii— 2 
random variables when ^si). Thus, 

« D) - 1-[P(F <A,^Jf 

(2.10) = l-(l-a)«-- 

^ kx. 

The procedure for choosing a non-zero p in the fixed case is the same but we show 
that the probability corresponding to (2.8) is different and is a function of the 
fixed AS, as well as n and a. 

3. Bilinear regression. Since the formulas are easiest when k=2, we study 
this problem in more detail Recall that n>2. Let //« be a>i n a>t> ie., H^ifii'^ 

Tbbokem 3.1. If (r, Xi, X^is a multivariate JV^(|&, £) random vector with 2 
pastthe d^ite and (Y„Y,„X^^, {Y^, X^^, X^d, . . • AY„, X^^, are a 
random sample on {Y, Xi, X^, then Ri and are independent under wiA 
joint density 

(3.1) /(ri,rj-/(rj/(r^ 

on -\<r„ r,< + l whereAr*)=r((n-l)/2)(l-r?)'"-^)'»/r(i)r((n-2)/2),/-l.Z 
Likewise Ft are indq)endait JFXl, n—2) random variables under H^. 
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Ptoof. Using (2.4), am write 

(3.2) iff, - <ytitf««-qy« 

(3.3) ^, = 

libat the deaominaton are positive dnoe ]^ is positive definite. Under J7«, tlie 
nnmenton are zero. If <r«if<0, o-Mf^O, and ffui^O, then o{|—flruflr„, as can be 
quWy computed. Smoe tiiis is impossible, <ru""0 and tliis inqplies <ru""att>^ 
Thus, from (29.13.1) on p. 411 of Ciamer [2], the jomt densitjr of Jti, «od Jt« 
SuliS^^Snh under ^« is 

(3.4) /(r..r.,r) , (l-rf-rJ-r'+Jr.v)""-"" 

r(j).r(«=2)r(=^) 

on — l<ri,rj, r<l and 1— rj— r|— r*— 2rir2r>0. Integrating out r [osing the 

change of variable u=(r-rir^lil-rlyf\l-rly'^] yields (3.1). Thus, i?i and 

are independent under Hq. Hence, and are independent jp(l, n— 2) random 
variables under Hq because of the functional relationship between and JL 
From Theorem 3.1, we see that (2.8) can be written as 

- l-(l-«)*. 

Focmnla (3.5) does not follow wbtn the z*s are fixed as tfie following theorem 
shows. Let Tt, . . . , r« be independent nonnal random vaiiabks assodated widi 

vectors (x^, Xji), (xia, X22), . • . , (xi„, x^. With some abuse of notation, let 

Soo=lLi(Y,-Ty, 5o,=2Li(7,-F)(x,,-.f,). 1=1^, J, 

and F<s (n—l)M^l (1 — ii^), j« 1 , 2. With this notation, we have the following theo- 
rem. 

Theorem 3.2. //" (1, 1, . . . , 1), Xi=(.Yii, Xj,, . . . , .Yi„), and Xa=(x,i, :^22, . . . , 
X2„) are fixed {linearly independent) n-vectors such that Ij, Ig, . . . , y« ore inde- 
pendent normal random variables with 

. ^ J~l»2, ...,n 

then Ru R%* and S^o have Joint density 

. , (i-,j-i^-r«+2rir2ry»-^>^'a<"-«>V<o>V 
n«\ f(rifrt,s\xux^'^ * ^ — ^ 



Copyrighted material 



1975] REGRESSION ANALYSIS 401 

ri.r.<l. l-rJ-rS-r«+2riV>0. 

In partieular, under Ri and {hence Fi aid are dependent random varf' 
Met and RxOidXt have Joint density 

r(^i=^)(l-ii-rS-r«+2r,r,r)<-»>^« 
(3.9) /(ri,r«|»^xj= ^ ^ ^ 

r(i)"r(^^j(i-r^y 



\(n-4)/a 



0/1 — l<ri,ra<l a/it/ 1 — r*— rj— r^+2rirtr>0. 

Proof. If Xi and Xj are fixed, the joint density of Fi and can be found directly 
by an extension of the matrix method that shows the independence of T and s* 
when Xi, X2, . . . , X„ are a random sample on X, a normal random variable. 
Let A be the orthonormal matrix formed from (I, 1, . . . , 1), Xj, Xj, and n—3 
additional linearly independent n-vectors. (Recall that (1,1,...,!), Xi, and x, 
tre fineaily independent vectors.) Using tbo fad that V'^AZ is JV(0, /) if Z is 
(0,i), changing variables ctMMty, and int^cating out eattfaaeoiis variaUet 
yiddi the joint density of JRi, J^s, and as 

(3.10) /(r,,r^»|»^»^» ^^ ^' ^+^^-7 

where e«J-2/3ijK''rJ'V/2-2/324iVJ^V/H2/?i/3,j„+/5;jn+fe on the appro- 
priate ranges. Note that this density depoids on Xi and Z| only through Ju, ^> 

and Si2- 

Equation (3.8) can be obtained in an alternate way by assuming that the x's, 
though fixed, are values of corresponding normal random variables. That is, 
write out the Whait diftritnitioa for 

•^oo* ^01* '^oif '^xit >^i3> ^'id 1S22 in terms of 
^rariaaoet and oovatianoes, divide it by the Wishart distribution of 5u, iSu, and 
Sm and obtain the distribution of Sm, Sn, Sm» given (5u» S^* ^"■(fu* «u> hd* 
Use (2.4) and (2.S) to change the constants fhmi variances and covarianoes to 

/Ts and ai=o-o|i i^. Finally, use the mapping (Sm, 5*01, 5w)-K5«», R^R^^ to 

ahow that the conditional density of 5oo, Ri, and is (3.8). 

If Ho is true, inspection of (3.10) shows that 5oo is independent of R^ and i?,, 
the joint density of latter depends on x^ and only through r, their iiUBf^ 
correlation coefficient, and the density is given by 

r(^)(l-r=-ri-r^+2wy-«'« 

(3.11) fir,, r, I Xi. X2) = ^ ^ ' ■ 

r(i)-r/— j(l-ry'-*>'» 
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on the appropriate range. Thus, under H^, Ri and Qktnoc Fx and are depend- 
ent and the proof is complete. 

Hie lesson for this basic difference between the random and fixed cases can be 
teen by looking at equatunu (3.1) and (3.4). From tbflw, it folkmt tlitt die nndom 
variables Jti, J^, and Jl aie pairwise indqpeodent 1ml not jointly indapeodent as 
was first shown by Oeisser and Mantd [6] in 1962. When the indqiendent variables 
are random, Ri and Jta (hence and am independent, under Hf,. When the 
independent variables are fixed, r is known and the conditional distribution of Ri 
and Rz, obtainable by dividing (3.4) by the density of ii, is not flictorable, even 
under Hq. 

Most elementary texts in probability and statistics stress the fact that pairwise 
independence does not, in general, imply total independence. But natural examples 
are hard to find, partkalaily enasiplci involving continuous landom variatlM. 
(See Fdkr [S] p. 116-117.) Tims, Geisser and Mantd't euniple it of trainable 
pedagogical use and, in the present setiq>, esplaint niiy diflEbrent results should 
be expected in the fixed and random cases. 

For k=2, we have found (H^ is rejected) both in the random and in the 
fixed cases. In the former case, the error probability can be set at a by setting the 
critical level at /i.w ^ri r ^ ^® latter case, for any critical level c, we have 



fdwve «'wc/(}i~2+c) and this probability depends on c, r, and r (the condatioii 
coefficient of Zi and xj. Note that r*<l by our atsnmption tiutt Xt and it aie 
lineaity indqiendent 

In 1971, Draper et al. [3] found tihe probability given in (3.12) for a special 
case. They assume that the estimators of the are orthogonal. Inspection of the 
covariance matrix shows that this implies that r, the sample correlation coefficient 
of the XiS and Xa's, is zero. Orthogonality actually implies more but (3.12) de- 
pends on the x's only through r. Thus, for various n's and a's, they find that the 
error probabilities behave approximately as they would if the F*& were independent 
«iienr«>0. 

U the independent Yariablet are fixed by the egperimenter, the prababilitiet 
and/or critical kvds must be found by numerioal meant but it would seem wiser 

to compute these quantities as needed rather than preparing tables since these 
would be simply too large. However, computations to see how the probability 
in (3.12) depends on the value of r would be of interest. 

4. Mfk-^f"'!!"""*" For l;>2 and }i>/b,siniifaurretiiltt hold but the equa^ 
tiont become unwieldy. If (F, JTi, . . . » JTa) it a multivariate NQfL, £) random 



(3.12) 



P,,(H,itrqecled)-Pjr/Ft^c or F,^c) 

or l^^cO 
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vector with a diagonal matrix that is positive definite, then Ri, R , jR, 

are jointly independent. (See, for example, Anderson [1], p. 177, Problem 9). 
Thus, the problem of finding (F^'^c or F2>c or • • • or F^'^c) for fixed c and 

0 

the problem of finding c so as to fix the above probability are easily solved. There 
are, however kik+l)l2 correlation coefficients and they are jointly dependent 
Sinoe ^hoIdsnoqpecididaoeinthkvectar^foQoiwi 

jointly dependeot landom vuiablei, theie are A;+l leti of k nndom variaUoi 
that an joinlty indepeodeDt, each ooRdatkm ooefficieiit appeassng exaetty twice 

in depe nden t, as pointed out by Geisser and Mantel [6]. More importantly, it 
shows that /:-independence of certain subsets of k(k+l)l2 random vaiiables is 
fltill not enough to ensure the joint independence of the full set. 
Thus, in the general case where the dependent variables are random, if H^ii 
Le., Bq:Pi=' • •=/?4=0, then (2.8) can be written as 

Ph,(H, is Injected) - P^JiF* ^ /^.^ 

(4.1) - 1-Ph.(Fi < < /x.,K^. J 

- l-(l-a)* 

for ocsmaU. 

If the independent vaiiabies are fixed by the experimenter, tiie easiett ivay to 

obtain the conditional distribution of Ri, R^, . . . , R„, under Hq, is to divide the 
joint density of all k{k+\)j2 correlation coefficients by the joint density of the 
{k—\)kll correlation coefficients that do not involve Y. If R={ri,) is a k+\ by 
k-\- 1 matrix (i,j=0, \ , . . . ,k) with determinant i?= |^| and JR^ is the cofactor of 
r^, the conditional density of Ax, R^t . . . fR^is given by 

fAn\ f( I , C(fc+l,w) / RV*-*-»^^' 

(4.2) } (roi, . . . , ro* I ^*-i.t) — ii)J{JJ»\JlpJ 

(m tiie set iitoe J{ is positive, the density bemg defined wlniiever is pos^^ 
and C(A;+1> ii)/C(A:, n) being a constant so that the integral of (8) over Tm, . . . , r« 
is one. 

For a fixed significance level c, it is now theoretically possible to compute the 
probability of rejecting H^, given Hq is true. Likewise, it is theoretically possible to 
determine c so that the stated probability is a. But both problems can only be solved 
by numerical methods, preferably on a computer. In [3], it is shown that the Ks 
behave as if they are approximately independent when the estimaton are ortliog- 
onaL 

5. Problems. The results of this paper leave many problems. Amongst them 

are the following: 

(1) Is the error probability lelativdiy irninfliTtnffwf by the choice of r wlien the 
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independent variables are fixed (k=2), Le., an the F*» iqipranmatety mdq)eiide&t 
no matter what the choice of the x's. 

(2) For fixed n and a.(k=2), can r be chosen, in the fixed case, so as to minimize 
the error probability? Are there values of r for which the error probability is less 
than the probability when the independent variables are random? 

(3) More generally, this paper only investigafet tiie probthiliQr of one error for 
one test Hie other errors are ftmctions of tbo noa-«ro /9*s. Does this test peiform 
wdl, at least as |p| becomes huge? The prooedoies meatioiied in the introduction 
vie at least ii; tests in stage one. a prooedDie be devised that vses only Jfc tests in 
total and, for fixed probability of rejecting Ho when Ho is true, inqnoves the pfobap 
bility of finding other hypotheses when they are true? 

(4) In some applied areas, e.g. economics, the independent variables are usually 
considered random and k is often large. In such a situation, use of any common a, 
e.g. 0-05 or 0-01 , will lead often to the choosing of some at stage one and the 
assertion that it is significantly different from zero when, in fact, all the /3's are 
zero. How can this be avoided? At one extreme, one can raise the critical level in 
4.1. This will lower the etcor probability we have beoi discussing but may make the 
discoveiy of true non-zero /Ts very difflcnlt. b there an optimal way to dioose the 
critical kwl, as a function offe, to he^ an probabilities low, at least for large «? 

AcxNowLEDGEbfENTs. I am Indebted to Professor R. Hamilton for bringing this problem to 
my attention. I with to thank the refiBroe for his qmAiI criticinai and tat drawing my sttsntkm to 
tiw woik of Dnper «#a/. P). 
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A PROPERTY OF MAXIMUM LIKELIHOOD 
ESTIMATORS FOR INVARIANT 
STATISTICAL MODELS 

BY 

PETER TAN AND CONSTANTIN DROSSOS 

Abstract. This paper generalizes some results on pivotal 
functions of maximum likelihood estimators of location and scale 
parameters and the related ancillary statistics obtained by Antle and 
Biin, aadFldiBr. It shows that the maximum likelihood Mtiinatcn- 
of the parameter in an invariant statistical mode! is an essentially 
equivariant estimator or a transformation variable in a structural 
model, b Ob ktter cue, uieillary statistics in the sense of Fisher 
assd in conjunction with the maximum likelihood estimators can be 
eisily recognized. It is also remarked that the values of maximunn 
UkeUbood eitimaton from samples having the same "complexion** 
are simply related to those of other, perhaps simpler, transformation 
variables. In the development it also points out the importance of 
using the correct definition of the likelihood function originally 
pnpoaed hy FiilMr. 

Introdaction. Recently, Antle and Bain (1969) show that if a and are the 
location and scale parameters in the probability density function 

(1) /(x;a,/3) = ig^^j. -oo<x<oo,-oo<a<oo.O</S<oo, 

then the maxiimiin likelihood esthnaton ft and f have a property described in the 
fdkming theotem. 

Theori m 1. /5,=/5//?, &,=(a-a)//3 and SL,=(3L-a.)l$ are each distributed 

independent of a and /?. 

Applying Theorem 1, Antle, Kiimko and Markness (1970) obtain confidence 
intervals for the parameters of the logistic distribution. 

Similarly, Thoman, Bain and Antle (1969) prove that if a and ^ are the shape 
and scale parameters of a two-parameter WeibuU distribution whose probability 
density function is given by 

(2) /(»;«,^ - (^/«Xx/«/-'exp{-(jc/«/}. jc >0,«>0./J>0, 

then the following theorem they give makes it poeiible to obtain confidence hitef^ 
vali for both « and fi. 
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Theorem 1. If a. and ^ are the maximum likelihood estimators of the WeibuU 
parameters in (2), then 

^//S and i5ln(a/a) 
are each distributed independent of a and 

The proofs of both theorems are simple results of a group property of the maxi- 
mum likelihood estimates inherited from the group structure of the parent models. 

The results in Theorem 1 have actually been given earlier by the late Sir R. A. 
Fisher (1959, p. 163) who observes also that 

f»t^(Xi-&)lf* «-l 

provide a set of N~2 functionally independent ancillary statistics firom a samide 
of size N, whose probability distributions are independent of the parametefS and 
whose values may be said "to specify the complexion of the sample" because the 
values fji{ will be unchanged if the values x,- we observed had instead the values 
X—a+cXf for — oo<a<oo and c>0. Fisher proposes that in the theory of esti- 
mation the precision of the estimates a and ^ "should be judged solely by reference 
to the variation of estimates among samples having the same complexion", and 
that exact probability statements be made about the paratnrten. 

The existence of ancOhuy statistics which are functions ci maximum likelihood 
esthnators for the Weibull distribution (2) can also be easily recognized if we 
observe that for all constants a>0, and c>0, the maximum likelihood estimates 
&(X) and ^(X) based on a sample X=(xi, .... Xj^) are related to a.([a, c]X) and 
^([a, c]X) based on another sample [a, c\X obtained by a transformation [a, c] of 
Xt where 

[a, cpC = ([a, clXi, ...» [a, c\Xif) 

and 

[a, c]Xf = axy^, i = 1, . . . , A/^. 
The relation is fhe following: 

&([a, c]X) = a(&iX)y^\ A[a. c]X) = cfiX), 
This is shown by Tan and Sherif f 1973). 

In this paper we shall give the general result regarding the maximum likelihood 
estimates for invariant statistical models which contain Theorem 1 and Theorem 2 
as special cases or examples. 

2. Main results. Let ^4 be a vector random variable defined on an open sample 
space SczR^, 0 be a vector parameter with open parameter space il which may 
be taken here as an interval in a EucUdean space R^, and f{X; 0) the probability 
density function of the probability measure on (S, with respect to the Eodid- 
ean volume, /t. Let (7 = {^} be a group of one-to-one transfonnations on S such that 
gB e fi yrheoievet B G fi, and let <7*{^ be the induced group of tnmtfoimations 
on Q defined by the identity 
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for every 5 in /? and g in G. We assume that i is one-to-one and gQ=Q. for all 
geG. The family {f(X; d):d € Q} of densities is then said to specify a statistical 
model invariant under G. 
Given f(x; 0) we shall define the likelihood function of 6 for X=x to be 

(3) U",x)^mx;-):keR*}, 

which is an equivalence class of similarly shaped functions on iQ involving an 
axbitnoy nnilt^iklieative positive oonstaiit k. It follows that for each g £ we have 

(4) ^e;x)^La9;gx), 

^wiiieh has been proved by Fiaser (1966). We remark that the definition (3) was 
originally proposed by Fidier in 1922 and is also the current definition of the likeli- 
hood ftmction vvidely used in tiie litocatare, but it is not the usual d^nition found 
in many introductoiy texts in mathematical statistics which omits the multq>li- 

cative constant k. This incorrect omission of the constant k in the definition of 
likelihood function would immediately invalidate the result (4) and may have 
hindered the development of some oAer results in the theory of statistical in- 
ference. 

Given the likelihood function L(6; X), the maximum hkelihood estimator of 0 
is a (^-measurable) function ^ iS-^Q satisfying 

L(ft; X) « sup 1(6; X) a.s. [/»]. 

Bed 

Theorem 3. For a statistical model {f{x; 0):0 eQ.) invariant under a group G 
of transformations, the maximum likelihood estimator $ has the following property: 

(5) ^gJO'^g^X) 

for all g in G and almost all X in s\ji\. 

Zacks (1971 , p. 3 19) calls such an estimator satisfying condition (5) an essentially 
equivariant estimator. 

JrnMn. 

supL(e;gX) = L(%:^);gZ) 

« Ujg-'ktXy, X)^mp Lie; X) 

^ U^X); X) ^ Ug&iX); gX) 

^ sup L(e; gX). 

NO 

Hence (5) follows. 

If the invariant statistical model {/(jc; 6):6eCl}is also a structural model in the 
sense of Fraser (1968, p. 49) so that the random variable Jf and the parameter 0 
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are related to an error variable E with a known distribution the sample space <S by 
the structural equation 

where 0 takes values in a unitary group G of transformations of S onto S, then the 
maximum likelihood estimator d(JO, denoted by [X\ for convenience, is a trans- 
fonii8do& wiaUe [Fsuer, 1968, p. 51] taking values in G and 

(6) W^i[X\ for all g in G. 

Corollary. Jff{X\ B) is a structural model, then the function d-^&(X) is a pivotal 
quantity and D(}r)^[x]-^X is a set of ancillary statistics whose probability distri' 
buttons are independent of the parameter $, 

^ — * 

(0 = [e-'x] = [£] = diE); 

(ii) DiX) = [X]-^X = [E]-^E^. 

Since D(gX)=lX]~^X for all g in G, D is the "complexion" of the sample con- 
dHimial on ndiidi, according to Fisher, the predrion of 9(X) shonkl be judged. 

Remarks. While the above results show that for a structural model the maxi- 
mum likelihood estimate 6iX), if it exists, is a transformation variable [A^, satis- 
fying the relation (6), often there are other transformation variables satisfying the 
same relation. Suppose [X]i= T(X) is a statistic taking values in G and satisfying 
(6). Then Z>i(JIO= [^^JTii a set of ancQfauy statiitks. We see then there adtH t 
unique ^ in G tudi tint 

(7a) DiX) = gD^iX), 

(7b) m=[XLg-^ or SiX) = nX)g'\ 

v/hcTC g^T(D(X)). Thus in cases where it is difficult to obtain numerical values of 
maximum likelihood estimates ^(X) but relatively easy to calculate T(X), for 
repeated samples having the same "complexion" D(X), we may obtain 6(X) 
from T(X) by (7b). Simple examples of this are given by Tan and Drossos (1973). 

In structural inference, the structural distribution of Q obtained from the con- 
ditioiial dittribution of 6(E) given D^X) and that obtained from the oonditionBl 
dittribotion of 7t£) given AGO *n equivalent [Fhuer, 1968, p. 32]. 
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PARTX^O. ORDERS ON THE 2-CELL 

BY 

B. D. TYMCHATYN 



1. litrodKlioi. A partiaUy ordered space is an ordered pair (JT, ^) where 
jri> a compact metric space and ^ a partial ordaing on JTsuc^ tiiat ^ is a do^ 

subset of the Cartesian product XxX. <, is said to be a dosed partial order on X. 

If <d is a partially ordered space let Mia(^ (resp. Max(JIO) denote the set 
of minimal (resp. maximal) elements of X. For jc € Jf let 

Ux)^{yeX\y^x} and M(x)^ {yeX\x^y}. 

Ward used partial orders to diaracterize dendrites in [7]. In [1], [2] and [3] 
l^Fmdbatyn vsed partial orders to obtain diaracterizations of the two and three 
dhnenrimial cells. 

la this pap»- we use the methods developed in [1] to study a wide dass of partial 

orders on the 2-cell. We let (JT, ^) be a partially ordered space where X is a 2-«ell, 
Min(X) and M9x(X) are closed arcs on the boundary of X and for each x e X 
L(x) U M{x) is a connected set. We let be the vertical partial order on the unit 
square [0, l]x [0, 1] in the euclidean plane, i.e. we set (a, b)<,'(c, d) in [0, l]x 
[0, 1 ] if and only if a=c and d—b is non-negative. We show that there is a continu- 
ous order preserving function of the partially ordered space ([0, ljx[0, 1], <J) 
onto (AT, <,) such that the inverse image of a point of AT is either a point or a hori- 
zontal line segment It follows that ^ oontahis a partial Mder that has the same 
propertus as ^ and tiiat is obtainable in a natural way from a ^ry simple deoouH 
position of ([0, l]x [0, 1], ^0- 

2. Preliminaries. We shall gather here some necessary definitions and theorems 
from [1] and [4]. 

A chain is a totally ordered set An order arc is a compact coimected chain. It is 
known [6] that a separaUe ordnr arc is homeomorjdiic under an ordor preserving 
function to tiie dosed unit interval [0, 1] with its usual order (whidi we idso denote 
by ^ and with its usual topology. The reader should have no difficulty in determin- 
ing in a particukr instance Aether ^ represents the partial <Mrder on JT or on 
[0. 1]. 

If {X, <) is a partially ordered space we let 1^ denote the space of closed subsets 
of X with the HausdortT metric topology. We let ^(JC) denote the family of order 
arcs in X which meet both Mia{X) and Max(A^). 
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Theorem A (Tymchatyn and Ward [4]). Let {X, <,) be a partially ordered 
space such that Min(X) and Max(JQ are closed sets and for each x € X, L(x) U M(x) 
is connected. Then Jlf{X) is a compact subset ofl^ and Ji{X) covers X. 

An antichain is a set which contains no non-degenerate chain. We let s^{X) 
denote the family of compact maximal antichains of X. We let s^{X) have its 
relative topology as a subset of 2'^. It is known [6] that Mia(^) and Max(Ar) are in 
if and only if they are closed sabsets of JT. 

Hie fc^owing two results appear in [I]: 

Theorem B. Let {X, <)bea partially ordered space such that Min{X)and Max(X) 
are closed and ^{X) covers X. For A, B es/{X) define 

i4 A B -i {x ei4 U B I I<x) n (il U IT) « {x}} 

and 

Ay B = {xeA^ B \ M(x) n (il U £) = {x}}. 

Then s^{X) with operations A and V is an arcwist etmnected topological lattice. 
Furthermore, Ji/(X) covers X. 

Theorem C. Let (X, ^) be a partially ordered space such that Maz(Jf) and 
Min(JO ore closed, disjoint sets and Jt{X) covers X. Then there exists a continuous 
order presert^ Junction f of (Jf, ^) onto [0, 1] with its usual order such that 

® /->(0)-Min(jr) aw//-Hl)=»Max(10 and 
(ii) for each a e [0, ll/'^(a) e ^(JQ. 

The partial order ^ on a space X it said to be order dense if for each x<y 
there exists zsudi that x<r<;r. It it known [6] that if (JT, ^) it a compact, order 
dense, partially ordered tpace then every duun in JTit contained in a member of 

In case there is more than one partial order on a space X we shall write 
MiniX, <,), Max(X, <,), L(x, <), M(x, <), ^(Y, ^)andJi/(Z, ^)forMin(JO, 
Ma\{X), Lix), Mix), ^(X) and s/(X) respectively. 

3. Qrdera on the 2-ceU. 

Tbbobbic 1. Let (X, ^)bea partidfy ordered space where X is a ebsedl-eeH. 
Si^pose yim{X) and Max(Jf) are ares in the boundary SP" ofX. IfJtiX) cooers X 
then Jf{X) admits the structure of a eampaet, eomieeted, topological lattice. 

Phwf. Case 1. Suppose Wti(X) it diqomt ftom MaxCJf). 

Let F and E be the closures of the two components of 5^— (Min(Jf) U Max(X)). 
We wish to prove that Fand £are in ^(X). Notice that Faad East arct whidi meet 
both Min(io and Max(JIO* We need only prove that JF and £ an diama. Let 
X,/ €F. Wemay tuppotethatxseparates^firom Mhi(JO n Fin F. By Iqfpolhetit 
there exitts TeJt(X) nth that xeT. If jr€7 we are done. If jr^T then 
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T n M{x) is an arc in the 2-cell X which separates y from Min(AO n By 
hypothesis there exists S e ^{X) such that y e S. Now 5 n L{y) is an order arc 
which meets both^ and Min(JO ^ ^(y)* Hence, there exists 

zesn Uy) n T n Af(x). 

Since x-^z<^y it follows that jc^^ and f is a chain. Similarly, £ is a chain. 

By Theomii C Hme is a oontinnoiis ftmctkm fiX-*{Oy 1] sndi that /~H0)=* 
Miii(ir),/-Hl)»Max(JO and for each a e IP, 1], f-\a)es^iX). It foUowi that 
for each a e [0, l],f''Hfl) meets each membor of JfiX) bk precisely one pomt 

If aep, 1[, it is dear that f~Hfl) separates IT into predsely two components 
/■^([O.flD ■>*d f^^Qflt 1D» Furthermore, /"^(fl) is arcwise accessible from each of 
these two components. By Theorem II.5.38 in Wilder [8],/~^(a) is an arc. Since 
f~\a) is irreducible with respect to separating X it follows that one endpoint of 
f~\a) is in F and the other is in E, 

For each ae [0, 1] give the arc f~^(a) its natural total order with minimal 
point in F n f~^{a). Denote the resulting partial order on A!" by <,". Then xKj'y 
if and only iffix)=/{y) and x separates j from f~^(f(x)) n fin the arc f~^(J(x)). 

CLadc. {Xt^') Is a parhdify ordered space, 

Fkroof of claim. Let and yi) be sequences in X which converge to x and y 
respectively such that for eadi /, x^^"/^. We must prove that xK^'y. For each /, 
f{Xi)=f{yd and/is continnoiu sof{x)=f{y). Either x^'y or y^'x since f-^(f{x)) 
it linead^ ordcited with reject to the partial order Just suppose 7<'x. Let 
lEJTsudi that y<'t<'x. By hypothesis there ensis TeUfiX, ^) sudi that 
teT. The arc rsepaiates x and in JT. The sequence (resp. yt)) is eventually 
in the same component of X— T as is x (reap, y) since X is locally connected. 
Also, Fn f~^(fiXi)) is eventually in the same component of X—T as 
f~^(f(x)) and y. Since for each i, f~^{f(x^) meets T in precisely one point, it 
follows that eventually /4<''x<. This is a contradiction. Thus x^"^ and the claim 
is proved. 

Clearly, Jlt{X, <,)^s/(X, <,"). By Theorem A ^(X, <,) is compact. By 
Theorem B s/(X, <,") is a topological lattice. We must prove that .^(if, ^) is 
actually a sublattioe of sfiX, ^'), If S, TeJfiX, ^)tbeaTAS and TVS 
are in j/(jr, since j/(ir, ^0 i* & lattice. In particuhr 7 v ^ and Ta iS are 
compact subsets of IT. The contumous fimction/ takes eadi of the compact sett 
TaS and TViS by a one-to-one correspondence onto [0, 1]. Hence, TAS 
and r V 5 are arcs. We check that T A S and r v 5 are chains with respect to ^. 
Let x,yeT A S. We may suppose that f{x)<f{y). U x,yeT then x<y since T 
is a chain. Suppose, therefore, that x e S— Tandy e T— 5. Let z be the maximal 
element of the compact chain 
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Then zeTr\S since/-i(/(z)) n (r A S)={z}, J A S is compact and 

(rAS)n/^[/(r),/(y)D<=r. 

Heaoe, x^z^ and r A iS is a cbain with raspect to ^. Sinoe 7 A 5^ is a ocmipict, 
oonnected diain wtact meets both Min(ir, ^) and MazClT, <:) it follows that 

TASe^iX, <). Similarly, TySGJt(X, <). 

For r, S 6 ur(X, ^) define 7^*5 if and only if T a 5= J. Then (uTCA", 
^*) is a partially ordered space. We shall prove that ^* is order dense. Let 
S,Te J({X, ^) such that T A S=S and 5?^ T. Let a e [0, 1] such that 
Sf^f-\a) n r and let b ef-\a) such that 

r»(a) n S <" d <'r*(fl) n r. 

By hgrpotliesis fheie exists P € ur(jr, ^) sudi tliat ^ €P. Let Jt-(5 
Then beReJtiX,^, Notice that TaJS^JC and RaS^S. Hence, 5<* 

P< ♦r. Thus, ^ * is order dense. Since Fis the unique minimal element in the par- 
tially ordered space (^(X, ^*),*<#(ir, is oonneded by the remarks 
following Theorem C. 

Case 2. Snppose Min(jr, ^) n Max(Jr, ^) is non-void. Make the diqoint 
onion of JIT and Maz(Jr, ^)x[0, 1] mto a partially ordered space by setting 
x^y bkXU (KfaxOr, [0, ID, if: 

(a) x,y6jrandx^ 

(b) X 6 Xtady^ia, ») € Max(ir, [0, 1} where x^a in IT or 

(c) X— (a, b) and;rs(c, J) are in Max(ir, [0, 1], a>c and b^d in [0, 1]. 

Form the adjunction space JT' of JTand Max(Jr, ^) x [0, 1] by identifying (m, o) and 
m for each m e Max(ir, The partial order ^' on IT u (Mn(X, ^)x [0, 1] 
induces a partial order j^** on if' such tiiat (IT', satisfies the hypoUieses of (he 
theorem. Notice that Min(r , ^<0-Mm(Jr, <,) and Max(jr, ^'')=Max(Jr, ^)x 
{1}. By Case 1 ^(X', ^*') is a compact, connected topological lattice. It is easy 
to see that ^(X, <,) is homeomorphic and isomorphic to ^{X', <°) under the 
correspondence that takes a member A of •^{X', to the unique member B 
of ^(f(X, <,) such that B^A. 
The following theorem was proved in [IJ. 

Theorem D. Let (A', <,) be a partially ordered space. Suppose there exists a 
function [0, \]^J^{X) such that X= U{h{a) \aE[0, 1]} and ifa<b<c in [0, 1] 
then h(a) n h{f)<^h{b). IJX is non-degenerate and has no outpoints then X is a 2-cell. 

It is shown in the proof of Theorem D that if < is a closed partial order on the 
2'CeU D then in order that there exist a function /» : [0, l]-^^(D) as in the above 
theorem it is necessary that Min(D) and Max(Z)) be closed, connected sets in the 
boundary of D and that (D) cover D. We shall show that these conditions are 
also sufficient 
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Corollary 2. Let <, be a closed partial order on a 1-cell D such that ^(D) 
covers D and Min(D) and Max(i)) are closed and connected sets in the boundary 
of D. Then there exists a continuous function h:\f), 1 ]-*^(D) such that 
U{A(a) I a e [0, \]} andif a<b<c in [0, 1] then h(a) n h{c)<^h{b). 

Ftooof. JK{D) is a compact topological lattice and thus ^(D) has a zero F 
and a unit E. By Theorem 1 ^(D) is connected. By Koch's Theorem (see [5]) 
there is an order arc C in ^(D) such that F,EeC Let h: [0, 1]^C be a one 
to one continuous function such that /i(0)=Fand h(l)=E. From the definition of 
order in ^(D) it is clear that if a<b<c in [0, 1] then h(a) r\ h{fi)<^hQ)). It 
remains to show only that D= U{/i(a) | a e [0, 1]}. 

Let X e JD and let Jt 6 ^(Z)) sodi tbat X € JC by Theorem B. It is easy to lee tfa^ 
for each a€ [0, 1], A(a) n JR consists of exactly one point Define ^:|P, \}r*-R 
by letting ^a) € ^(a) n R for each a e [0, 1]. llien g is easily seen to be a con- 
tiuDoas fimction. By the pioof of Theorem 1 i( is an arc with endpoints in Fand 
B, Henoe;(0) € Fand 6 JB*. Thus, g maps [0, 1] onto R and x e u{A(a) | a e 
[0. 1]}. 

Let (/)', <,') be the unit square [0, 1] x [0, 1] in the plane with the partial order 
(a, b)£,'(c, d) if and only if a=c and b^d in [1, 1]. 

CcmoLLARY 3. Let (D, ^) be a partially ordered space such that D is a 2-cell, 
<,) covers D and Min(Z), <I) and Max(l>, ^) are closed disjoint arcs in the 
boundary of D. There is an order presank^ ctmtimious Junction g of (D', onto 
(D, ^) such that 

(i) r*(Max(X>. ^))-Max(i)'. ^0 
(hO r*(Mfai(/). :^))-Min(i)'. 

(lii) g takes every mendfer of JH{p\ homeomorphically onto a member of 

(iv) for xe D g~\x) is either a point or a horizontal line segment in D', 

VmS. Let/:i>-^[0, 1] be a fimction satisfying the conditions of Theorem C. 

Let h:[0, \]-^^(D, <,) be a function satisfying the conditions of Corollary 2. 
Define g : (D', <,'y^(D, <,) by letting ^(a, 6) be the unique point in A(a) nf-\b) 
for each (a, b)eD'=[0,\]x [0, 1], 

If <) and g are as in Corollary 3, there is a smallest partial order <,* on. D 
such that g is order preserving with respect to ^ * and * has a closed graph. 
Clearly <,*<=^<„ ^(D, <,*) covers D, Min(Z), <.*)=Mia(D, ^) and Max(2), 
^*)=Max(i), <,). Tfans wt have extracted firom ^ a partial order <,* whidi is 
moderately large and which is well understood since it is completely deteimined by 
the fimction;. 
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A UNIQUENESS THEOREM ON THE DEGENERATE 

CAUCHY PROBLEM'" 



BY 

CHUNCWJE WANG 

In [4] Carroll and fht author have treated tiie following fvoblem 

(1) u„-\-A'Sit)u,+Ai'R{t)u+Aa(t)u-\-Bit)u =/(0 

where A is a closed densely defined self-adjoint operator in a separable Hilbert 
space H with (Am, w)>c ]|r/P, c>0, A"^ e L(//) {L(E, F) is the space of con- 
tinuous linear maps from E to F; in particular, L(IF)=L(Jf, H)), a{t)'>0 for f>0, 
a(0)=0 and S(t), R(t), B(t) g L{ir). Various other hypotheses will be given later. 
It is assumed that all operators commute, and we seek « e<r-(//) is the 

•pace of m-times contfanioiidy diffisrentiable Amotions of t widi Yiloei hi H) 
satitfyhig (1) wiUi 

(2) u(0) « urn « 0. 

Existence and uniqueness theorems have been obtained for the problem (l>-(2) 
in [4]. The purpose of this paper is to prove a somewhat stronger uniqueness 

theorem for theproblem. We also give examples that will be provided for differential 
equations to which the uniqueness theorem applies but which are not included in 
any previously known results (e.g. see [1, 4, 6, 8, 10]). A counter-example is 
also given in order to indicate that the function of degeneracy a{t) can only admit 
osdllations under a suitable condition. 

Nolatioos and symbols in [4] are adopted here accept for arbitrary constants. 
Indeed equations taken from [4] will be renumbered in order to make our paper 
as sdf-contBtned as posidble. 

In order to apply spectral methods we set that S{t)==Ss{t)y R(t)^Br(t), B(t)» 
Bb(t), where B, R, S, A~* commute and are bounded normal with b, r,se c^fO, /], 
a 6 c^[0, /]. Let s/ be the uniformly closed ♦ algebra generated by A-^ B, i?, 5, B*, 
R*, S* and /. Then we associate with these operators (other than /) the complex 
spectral variables z^,, Zj, . . . , (see [3, 4]), z„=ll?. is real. Now the map m:<l)^— ► 
C" given by wj(^)=(A-^(^), ^(</>), . . . , .$*(^)) is a homeomorphism of the 
carrier space with the joint spectrum a of the elements A~^, B,... ^S* (see 
[4, 9D. We consider now m connection with (1 ) the homogeneous equation 

(3) Uu+X''z^t)u^+k^Zttit)u -i- Aa(i)u +zMt}u « 0. 

Beerived by the cdHon April 3. 1974 and, in leviaed fbnn, June 26. 1974. 
Sup poi' l e ii (hi pert) by a National RewMcfa Councfl of Cmada Onmt A3116. 
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Solutions Z(/, T, r,., A) and Y(t,T,Zi,?.) of (3) with Z(t, t)=1, Z,(t, t)=0, 
Y(r, t)=0, y,(T, t)=1 (cf. [2]) will give rise to operators in the von Neumann 
algebra s/" if 7 and Z are continuous in (z,, A) for |Zj|<Ci (/= 1, . . . , 6), m<,Ro 
(i?o arbitrary), and bounded for |z,|^Ci, \zo\<llc (this has been proved in [3]). 
The constant Ci is chosen so that Ci>max{|5n, H^i} and tiien the joint 
Spectrum <r lies within liie region \Zi\^Ci (i=l, . . . , 6), \zo\^ljc (note tiiat 
A-^oo corresponds to Zf^), 

It is known from dasskal results (see [5, 6]) that for 0^r^/^/<oo there 
exist onique Z and y as required* continuous in (t, r, z<» jl) in the region O^r^r^ 
/< 00, |zj <Ci (z= 1 , ...» 6), 0<2o< 1 {c. However, Y and Z may not be analytic 
single-valued in A, because a, /3 may be fractional. Thus by introducing the 
Green's operator associated with (3) (see [4, 10] for details) we obtain formally 
for the solution of (l)-(2): 



where ^ is the operator associating with Y, 
For convenience, we now summarize what have been assumed (in [4]): (i) 



aec^lP./], 00 *,r.*6c»[0,/l, (HQ P-fl'+Ci(r«+6VA)^0, (iv) y=max{a,i>. 

(v) 2P^l, (vO Re(r,5(0)^0, (yii)//fi=A e«^(Z)(AO) (fi-«^-(o^)»^ with 

^T)=exp(-q j; r«/a^f), v'(r)=exp(-(cJA) Jj fe^^^f). 



According to [4], the solution of (1) with values «(t) and «|(t) prescribed, 
0<T<;/, can be written as follows: 



where ^ are operators associating with Z, Y which are solutions of (3). 

We recall that two uniqueness tiieorems were proved in [4]. One of them re- 
quired strongly ue^Ef)* ulqe^WA^^) and e /•(/)(A0). On die 

other hand if ^>0 a second uniqueness theorem had been given as Theorem 3 in 
page 254 of [4]. We now state it without proof as follows: 

Theorem 3 of [4]. Assume u is a solution of (l)-(2) with u e ^%DiA'+^'')) n 
<^'iD{A')) n S\H) and let J rVaJf <oo, ^ b^ladi<ao with (Slaii)diyia^^\t) 
continuous for some d<.h Then u is unique. 

It is noted that the second uniqueness theorem of [4] stated above was based 
upon the following inequality: 



On - recalls that the degenerate Cauchy Problems of a similar form (e.g. see 
[7, 8]) were solved with a(t) monotone (monotonicity of a(t) is not necessarily 
required here or in [1, 4, 10]). However, from (6) with a monotone a(0> it follows 



(4) 




(5) 



«(0 = ^(^ r)u{r)+'W{t, t)m,(t)+ ^(I, ^/CO , 



(6) 
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immediately that (/^/<oo) 

CO ^ e^t), 

Thb means that \\ujd^^^ is boimdedfor eveiy f 6 [0, /]. Now (/, T)->fli/«(T)^(/, t) 
it oontimunit with valnet in Lg(H, i>(A^) (wheie the subscript S denotes the 
strong operator topolc^), and the teim 9it, r)fi|(r) in (5) may be written as 

(8) tMt) - a^rWit, r) . 

But Ut(T)la^^\T) is also continuous. Moreover, since q>0 ^(t, t)u(t)->0 as 
T— »-0. Actually, the above arguments would remain true if a(t) were required to 
be locally monotone (i.e., ait) is monotone in a neighborhood of 0). Oscillations in 
a{t) are then allowed. 
In order to facilitate the subsequent arguments, we rewrite (6) as 

(9) lujo^'ll ^ c^'^Xt) 
whece 

(10) .l(i)=jW)i/f/a(0. 

It is easily seen that the boundedness of ^(0 on [0, /] would assure uniqueness for 
the problem (l)-(2) in view of (8). In fact, if a{t} is assumed to be locally monotone, 
A(t) is obvionsly bounded on [0, /]. Consequently, we simply replace tibe condition 
(Jo ^(0 d^)^lc^i*{t) being contimioiis for some d<i by a(/) being locally monotone 
in Theorem 3 of [4]. Thus we have 

Theorem. Assume (i), (ii), (iii), (iv), (v), (vi), (vii). Let ubea solution of (I)-(2) 
with Me^(i>(A'+i/«)) n^(D(iV)) jr^Jadi<oo, j b^jadi <oo. If 

a(t) is locally monotone, then u is unique. 

It may be worthwhile to point out that in case a'(0)^0 or a(t)r^kt" (i.e., 
lim,_o «(0/^"=^>0 for «>0), A{t) is evidently bounded. Indeed both cases are 
special cases of the theorem. For a(t) being locally monotone, some class of non- 
monotone functions a(t) (such as a(/)=exp(— 1//) [ai+o,/' sin'(l/0], fl(0=* 
i^l«+a^sin(l/0 with ai^|aa|,/'>/i>0,/;>2) would be induded. 

Finally, it is not hard to see that for a nonmonotone a(0"*O(f*) with n>0, 
A(f) may not be bounded; in particular, Hmsup A(t)^co, To this end, consider* 
the function OiO) and at(t) defined on (P, 1] as follows: 

aM = t' sin'(l/0+«'cos*(l/0. 

a^t) - i» cos^l/O+i* sin'(l/0. 

* Vnktmx A. Meir constructed these fkmotioos fior die andiar iriM he attended fbo 1967 
SvmoMr RMonch InstitutB in Edmontoa. 
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Clearly, 

(12) «i(0^<*, <-l,2 
and 

(13) fl,(0+«i(0 - 
for all I € [0, 1]. (13) impUes tbat 

for all / 6 [0, 1] and consequently 

(14) |^at(« d$ > t*IS 
or 

(15) j^fl8(^)ti^>iV8 

or both hold for inflmtely many t e (0, 1]. On the other hand it foOowa from (12) 
that 

f^^0di^t*I4, i = 1.2 
for all f € [0, 1]. Now consider two particolar seqaenoes {Q of (0, 1) where 

ffc = l/2fcir. t'j, = ll{2k-i)Tr, k=l,2, 

(For simplicity, we use the same notations for their subsequences if applicable.) 
Evidently, 



Thus we obtam 



and 



(17) 



Now if (14) holds for infinitely many r e (0, 1] and in particular (ft) is considered, 
then 



«i(fft) 
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Otberwin, (15) must hold for {/^ so that we have 

(19) > > « itJt'^*K = [(2fc-i)/2tf /8r; ^ (3/4)V8f; 

Noting (16) (or (17)) and (18) (or (19)), we ooadade that i4(0 may be unbounded 
evw if a(0«0(<*) for tome ii>0. 

Hie above ooonte^eumple shows Ihat a(0 can only admit oidUations condition- 
any. In the piescnt case must be bounded on [0,/]. 

Rbmark. The theorem may be regarded as somewhat "best possible** in the 
sense that the case a(/)^{"(for n>0) is a special case of the tiieocem while the case 
a(t)^0{f^ (for ii>0) cannot be genecalty included in the theorem (see counter- 
example above). 

Acknowledgement. The author would like to thank Professor A. Mdr for his CDOounife- 
aMnt in the prqwration of this paper and the referee for his valuable sugg^tioas. 
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A NOTE ON RADICAL EXTENSIONS OF RINGS 

WK 

M. CHACRON, J. LA.WRENCB, AND D. MADISON 

All rings are associative. A ring T is said to be radical over a subring R if for 
every / e J, there exists a natural number «(/) such that /"^'^ e R. 

In [1] Faith showed dist if Tit radkal over RaadTh primitive, then Jl is 
pcimitive. We might Aea adc if tiie same is tnie if 

This is not in general true if T does not lisve a imity element or if char TyiO. How> 
ever, we do hsve 

Theorem 1. Suppose TisradiealiwerR, TandRhaoeawUtyekmentt char r«0, 
0HdT1s prime. Then R is prime. 

The above theorem follows easily from the following 

TtaoREM 2. Suppose that the ring T is radical over a subrirtg R, R and T haoe a 
common unity element, and T is torsion-free as a Z-modtde. Then Tg*tmR^^ 
where R^* is the localization of Rat the nonzero integers. 

In proving theorem 2, we use die following 

Tbboum 3. {Kaplansky [2]) Suppose that a field K is raeUcdl ooer a proper 
siifieldF, JhenK has ^tlmeekm^fflstle,<md is eMer purely insepanAkooerF, 
aredgdmile over its prime stAfield. 

Fne/t ef tteoron 2. We prove the thetnem by assuming that T and Raie Q' 
algebras, and sliowing that R^T. 

We first show that every nilpolent dement of Tlies in Jl. Sappose x6 7\Jl is 

ni^tent From the sequence x,x*,x* dioose k maximal sndi that x*flJl. 

Smoe ris radical over /?, 3 n sudi that (1+jc*)" e H. Then l+ja*+« H, 
firom whidi we deduce that € H, a contradiction. 

Now suppose that J is a commutative Artinian ^-algebra and that R is also 
Artinian. Since the Jacobson radical of an Artinian ring is nilpotent, we have 
7(7) =/(/?)= J. T/J is a finite direct product of fields, and is radical over RjJ, 
By Kaplansky's theorem TlJ=RlJ, hence T=R. 

Now let T be arbitrary. Suppose xeT. Then Q[x]=A is radical over Q[x] n 
R^B. JfAh finite dimensional, flien A-aS, by the above resoii If x is trans- 
oendental over Q, localize i4 at S*, the nonzero dements of B. Suice A is radical 
over B, Ag* is a fidd, radical over the fidd Bg: Henoe, once again, Aa^tmBa: 
Take reB, r^O, sudi that rxeB, and let where x"sA We now have 
<AI c A Let /»(f), and note AH is radical over BIL However, i4//is Artinian, and 
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•o the problem is reduced to the previous case, tiUM Ajl^Bjl. Since /<= J, A^B, 

and therefore R=T. This completes the proof. 

Although we have T^' = Rz*, we do not necessarily have R=T. Let T=Z[x] 
and let R be the subring generated by {1, Ix, ;c*, ;c*, . . ,}. Then t^eR for every 
tET, buti?5^r. 

We conclude this paper with an example of a prime ring T, without xadty, 
radical over a snbring R whidi it not prime, ivfaers diar. 2*^0. Let be the fiee 
Z4dgebra on coontatfy many noooonuniiting variabfet, X|,Xt, . . . .We assiune 
that Z is not embedded in F. Since F is ooimteble, we can order tlie demenla, 

/i,/, Let 5 be tine set of monomiab oocniriog as terms in the set 

(flik^l, 2, . . .}, and let S' be the multiplicative closure of 5. Let £ be the rabring 
of F generated by S, and let / be the two-sided ideal generated by {xiSXji^ G S'}. 
Set r=i7/and R=EjE n /. That Tis radical over R, and that R is not semiprime 
follows easily from our construction. Let and /r/g be nonzero monomials in 
T, and let h be an integer such that JC;, does not occur in any generator go^ I with 
(degree (degree /Ml + degree /«a 4-1). Then miXj^^^It hence ntiXi/n^^O. It 
quickly follows that T is prime. 
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A RESULT ON SUMS OF SQUARES 

BY 

J. L. DAVISON 

In this note we give an elementary proof of the following. 

Theorem 1. Let «> 1 be an integer. Then, every positioe even integer less than or 
equal to n{n^— 1)/3 can be es^eased as a sum tf n squares of integers from the set 

Theorem 1 follows from Lagnmge^s Poor Square Theorem. Indeed, using 
Lagrange's Theotem we can show that [n/3]+5 squares are suffident (a number 

smaller than n, for n>7). This will be proved in Theorem 2. The virtue of Theorem 
1, is that the proof is completely elementary, requiring no Number The<My and 
moreover gives a constructive method for finding such a representation. 

Theorem 1 is obtained from some remarks on permutation groups. Let 
denote the permutation group on {1, 2, ... , n}. If c £ S^, let An(cr)=^"„i | ^O') — 
1 1*. Note that if / is the identity permutation, then m{i)=Q and if /> is the reverse 
permutation, given by 1 — /, then m(j))=n(n'^—\)J3. 

PROPOSmoN 1. For o e m{a) is even and lies in the interval [0, nCn*— 1)/3]. 

FkM& We showin ftct that 

(1) iii(<r)+m(poa)-25y^ 
Expanding we obtain 

m(tf) = i fl<0'+ i i"-2 i icfii) 

Thus 

(2) m(or) = 2ii'-2iia(0, 

whidi shows that iii(o) is even. 
Similarly, 

(3) m(po 0-) = 2 i |«_2|; i(n+l-a(0) 

From the fact that 2;^<*«ff(i+lK2n+l)/6, we find that adding (2) and (3) 
gives us (1). 

PiORxnnoN 2. Let »^4, and let w be an even integer between 0 and 1)/3. 
Then, there exists aaeS^^ with m((f)^w, 
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Proof. The proof is by induction. For n=4, the result is true by inspection. So 
Ietn>4. From equation (1), we can assume that w<n(n^—l)l6. Since 1)/6^ 
(/i-2)(/i-l)(/i)/3 for n^5, it foUows that h'^(/i-2)(«-1)(/j)/3. So by the in- 
ductive h^thesis, there exiits l^eS^^ sndt that m(a)=w. We let a(i)^&(i), 
l^/^n— 1 and a(n)^n and tiius m(o')»w. 

Ph)of of Theorem 1. If /i=l, 2 or 3 the result is true by inspection. If /i>4, 
the result follows from Proposition 2 and the fact that | a{i)—i | e {0, 1 , . . . , /i — 1}. 

Remark. This proof gives ns a oonstrnelhre method for finding an expression 
for the integer iv as a sum of squares. For example, if w^62t ii»6. The problem 

is to solve 777(fT)=62, a g S^. 
For /i=6, niii^—i)l3'^10 so, we have m{p o a)=8 



i.e; 62-5*+l*+l"+lH3*+5« 

TBBOimf 2. Let ii^l. Tfim every po^Hoe Meger not fj^eeUr Ihoi fi(i^— 1)/3 
con &e e^exfetf Of awm q/'[R/3]+5 squares of integers firnn tiie set {0, 1,2,,,., 



Proof. If /i=l or 2, the proof is trivial. Let n>3, and 1^h':^/i(/j2— l)/3. Then 
W'=k{n—1)^+/, where 0^rf<(/i— 1)^ By Lagrange's Theorem [I], ^is a sum of 4 
fqoans of integers ftom {0, 1, 2 n—2). 



Biitii(ii+l)/3(/i-l)^(n/3)+l SO it follows that A;^[ai/3]+1. Thus, the number <tf 
squares required is at most [ii/3]+5, which concludes the proof. 



1. G. H. Hardy ARM. Wright, Am bUivikicikm t» T%f Jkmry efNmibm (Orfofd FwO, 
1960, p. 302. 

Department of Mathematics, 
Laukentian University 
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AN EQUATIONAL SPECTRUM GIVING 
CARDINAUTIES OF ENDOMORPHISM 

MONOIDS^ 

BY 

MATTHEW GOULD 

Abstract. By determining the spectrum of a particular set of 
cqnatiaas of type <2, 2, 0, 0, 0> it is ihown ttmt a porithe integer 
R is the cardinality of the endoDKM'^usni moncMd of a nnhnnl 
algdxaof diefonB HxQif andontyif Jiisafiare. 

It was shown in [2] that for any universal algebra U the cardinah'ty of End (U x VL) 
is square. Conversely, assuming the axiom of choice in the guise of the assertion 
that every infinite cardinal is its own square, one can readily deduce from 
the construction in Theorem 2.2 of [2] that every infinite cardinal is the power of 
the endomoiphitm monoid ctUxU for • suitably diosen nuilti-imaiy algebra U. 
The goal of die preieot note it to cHiibHih tfiii fact for finite non-zero sqnaret 
at mil. 

By llieocem 1 J of {2], the proUem is equivalent to drawing that the let ^ 

zero finite squares is contained in (hence equal to) the spectrum (i.e., the set oi 
cardinalities of finite models) of the following set £ of equations in two hinaiy 
operation symbols, denoted by « and juxtaposition, and three nuilaiy operation 
symbols 1, <4* ^d di. 

^x(yz) = (xy)z 
xl = Ix = X 
^]d^, = d^ (i.7G{0,l}) 
* (x d^ • (x 4i) * X 

(x* y)do = X do 

Tmwfai. For eoery positive bitter n Htare Ir a multi-unary algebra U sudi that 
|End(Ux1I)|-i^. 

Proof. As the theorem is trivial for n = 1, assume «> 1 and set k= [n/2]. Let M 
be any monoid of cardinality 2k containing an element / such that t^t^=e (the 
identity element) and there is a retraction tp of M onto {e, t}. (E.g., take M to be 
the direct product of any k-elcmcnt monoid with the two-element group.) If /i is 
odd let N denote the nEKmdd obtained ftom M by adjoining a new element 0 and 

"> This walk wis pecdBlIy sup pof i e d liy a gnat ftom Ntfionsl RsMsidi Ooundl of 
Ouiada. 



Copyrighted material 



428 



M. GOULD 



[August 



extending multiplication in the usual way, .vO=Oa'=0 for all x g N. If n h even 
set N=M; in either case \N\=n. Let e' and /' respectively denote {e}y)~'^ and 
if /I is even, but if n is odd set e'={e}y}- '^ U {0} and t'={t}y)-^ u {0}. 

Define on A'xiV an algebraic system of type (2, 2, 0, 0, 0) as follows. Set 1 = 
{e, e) , i/o= (^» 0 » <^l=(^ «)• Letting jcq and jCi denote respectively the left and right 
componenti of an deoneat x of J^XiRT, define a Innaiy operation • by setting 
x*^B<Xt,7k) for all x,yeNxN, To define tlie imnainiiig binary operation, 
first note that NxNmA KJBUCVD, yrhat A^t^Xi^, B^e^xt', C^fxt^, 
and D^fxf, Now define mnltipUcation by stipiibting that for all x,^ € NxN, 

Uxij^o, Xo^i) if yel>. 

(Note that if n is odd it is necessaiy to observe that this multiplication is well- 
defined.) 

Since tp is identity on {c\ t) we have 1 e A, d^e B, and di e C. Verification that 
the equations in Z are identities in the structure just defined is rather immediate 
except for the first equation, associativity of multiplication, whose verification 
requires dxleen cases, arising firom the respective assignment of 7 and xtoA,B, 
C, D. However, each of tiie cases is veiy easily checked oooe one knows that 
whenever Y,Ze{A,B,C,D} there is a nniqiie We{A,B,C,D} sndi tiiat 
^6 IF for all^E yand zeZ. Using the fact that y is an endomorphism of M 
it is easily shown that such a exists and is given as the intersection of the T-row 
and Z-coiumn in the table 





A 


B 


C 


D 


A 


A 


B 


C 


D 


B 


B 


B 


B 


B 


C 


C 


C 


C 


C 


D 


D 


C 


B 


A. 



Thos 2 has a model of power n", and the proof is oondnded. 

The fact that every model of S (hence every monoid of the form End(U x U) for 
a universal algebra U) has square cardinality was shown in [2] by observing that in 
any model Af of 21 the map x-*{xd^, xdj) is a bijection of M onto Md^xMd^ 
An alternative proof can be obtained by noting that aiQr non-trivial model of £ 
is, with respect to *, a rectangular band admitting an aati-aiitomotpiiism of 
order two, namely the map x-fxidi • d^; a result ot Evans P] asserts that the 
cardinality of such a band is square. 

Finally, we remark that the construction used in proving the theorem of this 
note bears some similarity to the proof of Theorem 3.1 of [2]. Moreover it can be 
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shown that in the case where n is even tiie present result follows from the constnio- 
tion in Theocem 3.1. 
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ON COUNTABLY, a-, AND SEQUENTIALLY 
BARRELLED SPACES 

BY 

T. HUSAIN* AND S. M. KHALEELULLA 

The first author [2] calls a Hausdotff locally convex (abbreviated to l.c.) space 
(E, u) conntably bandied if eadi (r(£', f^boimded subset of JT, which is the count- 
able union of equio(»itinuou8 subsets of is itself equicontinuous. 

De Wilde and Honet [1] call a l.c space u) <r-banRBlled (whidh is the same as 
(D-baneOed of [5]) if eadi <t(Jfft £)-bounded sequence in is equioratinuous. 

Webb [7] calls a l.c. space {E, u) sequentially barrelled if each o{E^t £)-conver^ 
gent sequence in E' is equicontinuous. 

Every barrelled space is countably barrelled ; every countably barrelled space is 
a-barrelled; and every a-barrelled space is sequentially barrelled. lyahen [3] and 
Morris and Wulbert [6] have given examples of countably barrelled spaces which 
are not barrelled. In this note we give two examples of sequentially barrelled spaces 
which are not (T-barrelled. 

Example 1 . It is known that the spac« /°° of all bounded sequences (real or com- 
plex) is a perfect sequence space and is its Kothe dual ([4], page 406). Consider 
(r , r{r, /I)), where r{r , n) is the Mackey topology on T. Then, T(r, n)) 
is sequentially barrelled ([7], page 354) and we show, that it is not a-barrelled. 
Suppose it is a-barrelled. Then, being separable ([7], page 357), it is barrelled 
([1], page 260). But it is known that it is not barrelled ([7], page 3S7), which is a 
contradiction. 

Remark. That {T* "^iT* l^)) is not a-barrelled also follows from [5], pages 100 
and 102. 

EXAMPLB 2. The space (f^, r(P, c«)), where is the space of nun sequences, is 
a sequentially barrelled space ([7]» page 357). That it is not <r-barrelled follows from 

([5], page 102). 

It is not yet known whether or not eveiy a-barrelled space is countably barrelled. 
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FORMULA FOR THE Nth. PRIMB NUMBER 

BY 

JAMES P. JONES 

In tills noCs wo give a tiiiiple fonmiUi for the iHth. prime nmiiber. Let deaoCe 
the nth prime mmri)er (/'i»2,/y|a-3, etc.). We shall show that is given by the 
foDowiiig foimiila. 



Theorem. 



'•=l('-((2^"-«''-'')H)- 



Here r(x, y) denotes the remainder upon division of x byy. (We take r(x, 0)sx). 
Proper snbtoaction, x—y, is defined as follows: If then x^ymx^y, and if 
x<y then x^ymtO. 

Proof. If j is prime, Wilson's theorem asserts that (J— 1) ! s — 1 mod j. When j is 
composite, (/- 1)1 ■Omodywitfatheshi^exoeptionof/->4.Ify»4flien(y-l)! ■ 
2 mody. Id any case we see that 

It follows from (2) that, if ir{i) denotes the number of primes then 

(3) i»(0-=2K(;-l)I*./). «- 1.2.3....). 

/-I 

The function C(a, n)=l— ((l+a)— /i) is easily seen to be the characteristic 
function of the tdtlioa, a<iL That is to say. C(a. r)«1 for a<H and 0 otherwise. 
Now iKO<" if *iid only itiKp^, Therefore C(n<0> ")'"1 f<v and 0 otherwise. 
Henoe we see that 

(4) -^C(tKO. »). (II-1.2.3....) 

^vbaurret k is hige enough (le. k'^Pn— 1). 
Bertiand's postulate implies diat /»«^2*. llierefcne we oonld take A;->2" in 

(4) . However, a much more economical bound is possible. J. Barkley Rosser and 
Lowell Schoenfeld [3] have proven that p^KnOt^n+ltiglogn), tot 5<h, Tfans 

we may actually take k=n^ in (4). 
Now for y»0. r((/'l)l*.y)»l. Hence (3) implies that 

(5) i+t(0 -2KO-i)5'.;). a - 0, 1, 2, . . .). 

i-O 

To obtain the formula of the theorem we need only substitute (S) into (4). 
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CARACr£RISATION DBS £SPACES PARFAITS 

RAYMOND LEBLANC 

Dans cette note, nous employons la terminologie et les definitions de [1] et [3]. 

Aimioiu-espaoevectofid IFd'imespfloevectoriel Vpt6-otdomipamc0m 
convcKe pomt6 V* avec ^Ument unite e, nous assodons la semi-nonne suivaiite: 
pour xeV, ^|^jc)»inf{c>0 1 3(»»eW tel que — o>,— ee^x^<Oc+<e}. Posons 
JiW)m{x |^x)-0}-{x € V I v«>0, a«, e W, -a,-«e^x^o),+ec}. J(W) est 
un id6al. Nous dirons qu'on sous-espace W d'un espace vectoriel prc-ordonn6 V 
avcc element unit6 e est parfait si pour tout x eW, pour tout e>0, il existe oj^e W 
td que — a».— «e^x^<u«+««. Gairement est un espace paifait oW^JOV), 

TBBauaa 1. Si West m aom-e^act vectoriel de Vespaee veetorteJ ordtnad V 
mee iUment unUi e, ahrs WzJ{Wy^^ est m UUd dans V, 

Preuve. {■=>) Soit/e et -f<,g<,f, alors/+^^0 et/-^^0. Pour xeW, 
on a Ve>0, 3a), € fFtd que — o»,— «c^x^tu,+ee. Si on lvalue f+g et f—g en 
ces points, on obtient les in^alites 

-^{fie)+g{e))-g{to,) < ^(a) e{fie)^g{e)ng{co,) et 

^ -gix) ^ ^e(f(e)-g{e))^giw^ 

d*ot Ton tire — ^tf)^(x)^^e), e dtant artntnire, on condut que f (x)«0, 

c^est-^l-dire g^W^. 

(<=) Puisque IV^J(]V), on a />^(x)^0 sur W. Ainsi, il existe w e tel que 
pjfr(co)^0. Par le thdoreme de Hahn-Banach, il existe une fonctionnelle lin^aire 
<l>: W-*R telle que pour tout x e W, \<j>ix)\<,p^r(x) et ^^0 sur W. De plus, pour 
XG [—e,e] un ensemble radial et x e on a —(—x+2e)<x<,—x+2e d'oii 
Pf^{x)<i2. On peut done prolonger les fonctionnelles lineaires 0 et — ^ a deux 
fomctkmneUes lineaires positives f etg ddfinies sur V. (Puessini [4], p. 82). Or, 
pour tout xeW, fix)+g(x)=i>(x)-<i>{x)'mO, Done f+g e W\ De plus, il est 
dairque/^ et;# IF^ et -(f+g)iSJ^f-k-g. Done IF^n*est pas unid6al dans 

CoioiXAiRE 2. (7%^^ <fe JE7/i5^ [3]). Un idkd I dans m espaee vectoriel or- 
dami V mec&immt mdti e est parfait si et seidement st I-^ est un IdMdansV*. 

Le lemme sui\ant nous permcttra d'obtenir la caracterisation de Bonsall pour 
les ideaux maximaux parfaits comme corollaire du th6or6me 1. 

LEmiB 3. Dans m eipMc vectoriel pri^rdonni V, si W est le noyau d'une 

435 



I 



Copyrighted material 



I 



436 R. LBBLANC 

fonctiotmelle positive non nuUe /, alors est un idealo/ est sur me geniratrki 
extremale. 

Preuve. (=>) II est clair que fe W^. Supposons que /=/i+/2,/i^0, /j^O, 
alors -f^fi^f, -f<.f2^f, d'oii G Ainsi, /-/i-/, sur W tt aUm 
fx^Xif,f2=X2f, Ai>0, ^>0. Done / est extremale. 

(<=) Supposons / extr6male et consid6rons g e W, g^O. Dans ce cas puisque 
W est de codim l,f etg ont le mSme noyau et ainsi g=A/, A>0. Puisqu'il en est 
ainii, il nifBt de vdrifier que '-f<,h<,f=>h 6 WK Ot, si -f^h^f, on a/+/t^O 
et/— A^O et /*(/'+A)y2+(f— Puitqae/eit eztrteule, <m en concliit qne 
h^of, a>0 et alon h e W\ 

COROLLAiRE 4. (Theoreme de Bonsall [1]). Dans m espace vectoriel ordonni 
(fwee imiti), loi 1M majOmdl W est patfatt st el gnslmmt jf toutefdKthmi^ 
foiHtioefaaoeliek W appartimii > vne g^kAuttl ee esUrimtit, 

PreuTe. En vertu du lemme 3, on a/ est extremale oW^ est un ideal et parle 
th6ordme 1, est un ideal •<i:>W^J{W) d'oCi / est extremale olV est un id6al 
maximal parfait. 

Je tiens k exprimer mes remerciements k M. Sei:;ge Dubuc pour ses nombreuses 
suggestions et ses commentaires judicieux. 
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COMMENTS ON THE SPINOR STRUCTURE 
OF SPACE-TIME* 



BY 

K. K. LEE 



AmibacT. a simpler proof of flw theorem on the spinor itroo- 
tnre of qiioe4inM is givai. Some gecmielxkd ii^^ 

The delinition and the implications of the existence of a spinor structure on a 
Space-time* have been elucidated by Geroch [1]. By construction, he has estab- 
Uahed Hbat a neee$sary and sufficient cmuhtkm for a non-impact spaee-Hme M to 
admit a spinor structure is that there esdsts on M a global system of orlkimonnei 
tetrads [1]. The same is true for a compact space-time M [2]. This short note 
provides a sisipler proof of the theorem and some geometrical insights into the 
theorem are given. 

It is well-known that the space-time M possesses a spinor structure if and only 
if the second Sticfel-Whitney class of M, w^^M), vanishes [3], where the ^-th 
Stiefel-Whitney class is a characteristic cohomology class of H''{M,Z^. The 
geometrical meaning for the condition Ug(A/)=0, for q=\, 2, 3, 4, is equivalent 
to the existence of a continuous field of orthogonal (4— (^— l))-frames over the^- 
dimendonal skeleton <^ M [5]. Consequently, saying that the space-time M admits 
a sf^or structnre is equivalent to daiming that an orthogonal triad can be placed 
at each point of evecy two-surface of if in a continuous way. To say that there 
exists on the spaoe-^time M a g^hal system of orthogonal tetrads is tantamount to 
claiming that w„(A£)=0 for all q, q=l, 2, 3, 4. It is then obvious that we only 
have to prove that if the space-time M admits a spinor structure, then there exists 
OaM a global system of orthonormal tetrads. 

The ^-th Stiefel-Whitney class of M is equal to the obstruction of the vector 
bundle ^ over M with coefficients [4]. But the obstruction is a charac- 

teristic cohomology class of //«(Af , -rr^-iiF))- For the bundle of orthonormal frames 
on Mt the structure group is the proper Lorentz group, Lq, which is homeomorphic 
to P* X J{* where P* is the 3-dimensional real projective space. Since the space-time 
M is orientable, we have Wi(M)^Q, w^M)'^0 because the space-time admits a 
spinor structnre. 9tiS)e H*(MtV^LJ)» but ir|(i:^«-0, thus 0t(^»O. Conse- 
quently w^M)"^' For non-compact space-time M, H*(M)^0, thus W4(ilf)"'0. 



* Partly supported by the National Science Foundation y/iUSo tfw auttior WM St Flyrics 
Department, Syracuse University, Syracuse, N.Y. 13210. 

* A qMce-time JIf is an orieataUe 4-dim diflbrantiable manifold with a metric of Lonots 
si^eatara (-, +, +, +). 
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If Af is a compact space-time, the Euler-Poincare characteristic class of i/vanisbM 
[5, p. 203], thus VV4(M)=0. The proof is completed. 

It is evident from the proof that the theorem is not true if the dimension of Ae 
space-lime is greater than four. 
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ON THE DBRIYATXVES OF THE r-FUNCTION 



BY 



Z. A. MELZAK 



1. The coefficients of the two series 




are recursively given by Nielsen [1]: CQ=gQ=l and 



n 



n 



where Si is the Euler constant y and for n>l j„=$(«). We have then fiom (1): 
c„=(n!)~T<''>(l). Nielsen (loc. cit., p. 40) remarks that no simple direct represen- 
tation of the coefficients c„ is known. Using the Faa di Bruno formula for the 
n-th derivative of a compound function, he shows, following Schldmilch, that 



wlieie the second lummatiofi is over all positive solutions of ri+* * '+ri,»H and 
the «i are as above. In this note we use a completely self-contained dementaiy 

method to calculate the coefficients or, idiat amounts to the same diing» ttuo 
derivatives of the F-iunction. We show that 

r<*>(l) - 21hn 




(2) 



(n+l)!i-t 



W da* UJ- 



2. Starting with the Euler integral 




we have 




It timet and putting xa*0 
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To evaluate this we b^gin by setting 

(3) = fJ^^ rfx. fe-0,1..... 

jo (a+xy 

The reason for this indirection is following. Onoe /^(a) is known we have, dif- 
ferentiating n times with respect to a and setting a^n, . 



Since 



lim = 



justifying the passage to tlie limit on n under the integral above we find 

3. To evaluate /^(a) we put jc=a/ in (3) getting 

(4) /.(a)-tf^i(J^)Mog^a 
where 

The integral (5) is evaluated by bemgbrdDen 19 into two parts ooneilKniding to 
tiie integrals 0—1 and 1— oo; letting 7*1/11 in the first one we get 

This is evaluated by the substitution xsBexp(y) and observing that 

(i+eTV = (i+0"'e-; 

expanding in series and integrating term by term we have 

(7) fe, = 0 for; odd, = 2(j\Xl-2'-%(j) for; even. 

This holds for all j including y=0 as can be verified, either from (6) directly or 

recalling that U0)=— J. Now, putting together (3)-(7) we get (2). 

4. It may be verified that for the first few values of A: (2) gives us the ooneot 
in (1). For instance, witfi k^ml 

^' — «L (n+l)! tTa \a.nj 
The »-th derivative of log a is computed by the Ldtmiz role and we §fit 

r(l) - -lim (log n- i 1/A » y. 
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Similuly, we venQr that 

r-d) - y»+«'/6, r-a) - -/-2C(3)+«V/«» ete. 

Here it is to be observed that the quantity ^3) does not arise from the bf of (7) 
bot flnm tiie limit of the Ji-tii derivative of log* a. 

5. The fongoiiig alkms us to evahiate some improper integrals. For instaaoe 
int^iating (3) wifli reject to a from ^ to f we evahiate 

J** log* X 
dx,p «.p and « > 0. 

In conclusion, we mention the well-known theorem of Hoelder which states that 
the r-function satisfies no polynomial differential equation of the type 

Tlmt toy focmnlas, vecnisive or otherwise, for its ii*th derivative are apt to be 
cftmplicatBdi 

Rbfbrbmcx 

• rim nMNB, JMNWMff Mr IMOTW Mr Ul0NMMylWRI0H« V A W lB ip lyw* 

Tm lAnvBumr oe Bamn CSouiMH* 
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LA 7e CONFERENCE JEFFERY- WILLIAMS PRfiSENTfiE 
LE 7 JUIN 1974 A L'UNIVERSITfi LAVAL A 
L'OCCASION DE LA 28e REUNION 
ANNUELLE DE LA SOCIETE 
MATHfiMATIQUE DU 
CANADA 

PAR 

HANS J. ZASSENHAUS 

On the MiBkowaki-Mlbqrt IMriotiie on MrthmMtirarton 

Introduction. II me fait un tres grand plaisir de vous presenter aujourd'hui 
la conference JefTrey- Williams nommec ainsi en I'honeur des distingues fondateurs 
de la Societe Mathematiquc du Canada. 

n y a beauooQp d^tnieooes indiiectes d*iin vif ^change d*idte entie Heimaii 
Minkowski et David ifitbeit, pendant la p6riode de temps entre la sootoianoo de 
thise de HUbert (dfeembre 1884) et la mort pr6matar6e de Minkowski (le 12 
Janvier 1909). Ces Evidences se trouvent dans plusieiirs travavx des denx grands 
mathfimaticiens, tel que le **ZahIbericht" et le discours de Hilbert k Paris sur les 
probl^mes non resolus en math6matiques et la "Geometrie der Zahlen" et les 
"Diophantische Approximationen" par Minkowski. 

Recemment on a public les lettres de H. Minkowski a D. Hilbert ecrites entre 
1885 et 1908. Celles-ci donnent une evidence directe de I'interaction entre H. 
Minkowski et D. Hilbert et du role de A. Hurwitz qui encourageait cette inter- 
action en intervenant amicalement 

Fanni fes nomlneiix sojets de diseussion souvent 8oale¥6s, on a port6 particii- 
li&rement attention, en citant des details contenus dans les lettres, k la relation 
entre Minkowski et Hilbert d'une part, et les matfa^matidens oontemporains 
finn^ais d*8Utre part, surtovt Hermite, Jordan, et Poincar6, ainsi que Picard et 
Hadamard. On y remarque un int^fit soutenu pour Dedeldnd et Kronedcer, 
pour la preparation de la "Geometrie der Zahlen", pour les questions des 
mathematiques pures et appliqu6es, et pour le discours faien oonnu de Hilbert k 
Paris (1900). 

En accord avec C. Reid, on constate que Minkowski et Hilbert se consideraient 
en competition avec les grands mathematiciens fran^ais, Poincare en particulier. 
Cette attitude a motiv6 en grande partie la preparation et le contenu du discours 
i Paris. Cependant, on per^oit un ort courant d*admiratiott de la part de Mii^ 
kowski pour les travanx de Hermite, Hadamard, C. Jordan et d'antres matli6- 
maticiens firan^ais et une satisfaction profonde k la suite de VintMt accordi k 
son pcopre travail par Hermite et Picard. 
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II semble qu'il y ait eu de la part de Minkowski et Hilbert un certain ddsir de 
ddvaloriser les travaux de Dedekind et Kronecker aux yeux de leurs contemporains 
allemands. £n meme temps, il y avait un echange d'idees entre Dedekind et Min- 
kowski et toujours une appreciation du g^nie inventif de Kronecker de la part de 
Minkowski. 

Minkowski ft passd de nomhreuses annto i essayer de l)fttir les fondements 
d*ttiie fh^orie oonstmctive des nombres. Les attitndes de Mtnkowsld, Hilbert, et 
F. Klein en face des applications dtaient comidfttement diff(§centes, attitudes dont 

les consequences sent encore apparentes de nos jours. 

L'interpretation de Minkowski de "I'art pour I'art" dans les mathematiques 
ctait tout-^-fait differente de celle de la premiere generation d'auteurs de Bourbaki. 

There is abundant evidence of a lively and continuing discourse on basic ideas 
of the mathematical sciences between Hermann Minkowski (1864-1909) and 
David Hilbert (1862-1943), those two great mathematicians who laid the foun- 
dations for the mathematics of our century as many of us bear witness. 

Not only d o you see it, you can feel it in the warm aftefglow of Hilbert's memor- 
ial speech on his dearest fiiend.^* 

You may remember from C Reid's Hilbert biography**) the three friends 
Adolf Hurwitz (1839-1919), Herman Minkowski, and David Hilbert walking 
'under the apple tree' in deep discussion of basic theories of their subject 

Hurwitz, the senior of the three by a few years, initiated his two younger 
colleagues into what we may call now conceptual mathematics of a universalist 
direction. With the passing years the senior friend changed his role from an initiator 
to a sympathetic witness and commentator of the discussion that was going on 
between Minkowski and Hilbert. 

What is it about? 

Though there is much indirect evidence in the collected works of the three 
congenial fiieiuls and tiiou^ we have seen and felt (me of the two witnessing 
alrea^, of direct eoUknee there are extant presently only the letters of Minkowski 
to Hilbert from 1885 to 1908, and of these mainly the correspondence from 
February 14, 1885 to July 28, 1900.<»> 

In spite of all efforts to locate the letters of Hilbert to Minkowski their present 
existence and location remains uncertain. Minkowski's oldest daughter (Mrs. L. 
Riidenberg) remembers having read them about 1930 and found them to be more 
businesslike in tone, less colorful than her father's letters. When Minkowski 
moved to Gottingen in 1902 the discourse was continued orally, probably often 
during one of tibdr lovely walla in the woods near 05ttmgen; the need for dabora- 
tion of ideas in letter form had ceased more or less. 



«> s. Minkowski [2] I, V-XXXI. 
<» 8. Rdd, p. 14. 

(*> The letter of July 28, 1900 deKcibes the impact of HUberfs Puis addren on Minkowild. 
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As anybody glancing through the letters will realize they are honest to goodness 
letters between friends (only one side still talking!) notwithstanding the courtesy 
and dignified friendliness prevailing in them which has moved one of my American 
colleagues to comment: "They sound as if they were written for posterity.'* 

In fact they are a melange of family correspondence, gossip, trivia, mathematical 
policy and mathematical discosskm. There may be no signature at all, or as once 
happened, Minkowski signed with Hilbert*s name. 

It remains for the reader to discover ongoing lines of thought, he is not primed 
in any way. 

For today's commentary I sdect passages referring to certain French mathe- 
maticians, to Dedekind and Kronecker, to the preparation and continuation of 
the "Geometric der Zahlen", to "applied and pure mathematics", and to Hilbert's 

Paris address. 

In the absence of a published translation of the letters, permit me to quote 
extensively in my English translation. 

L On French Mathematicians 

February 14, 1885: I am resolved to publish some of my results already now. 
Th^ will appear in the third n»ne of the current volume of Orelle.^^ 

Indeed, suddenly I got afiraid I could again be deprived of my joy. Poincar6 of 
whose many-sided and swift working talents you certainty will have heard abeady, 
has started on a series of investigations not long ago which would find their brilliant 
completion by those very theorems of mine. It could happen indeed that he would 
find this completion now after the publication of my prize-essay.**' 

April 26, 1886 (written while Minkowski served with the Prussian army and 
Hilbert had gone on a postdoctoral trip to Paris): Please tell me in minutest detail 
what happened to you since last October. If one of the big men, Jordan or Hermite, 
would perhaps remember me, please give them my best recommendations, and 
explain to them that I am not lazy by nature. 

December 29, 1887: For fbo New Year my best wishes. Let us hope that neither 
the Frendi nor the Russians will disturb our drdes. 

June 2, 1893: The Pomcarfi prize winning memoir**) did not imfHess me quite 
as mndi as it did impress NOther, even thou^^ I believe to have it understood not 



<« s. Minkowski {?]. 

s. Minkowski [4]. 

<•> In 188S King Oscar II of Sweden established a prize of 2500 Swedish crowns and a gold 
iiiBdsl tOFBWBfd sn important dlioovciy in tte field of msdwrnticsl smljfils on flw occasion of 
his 60th birthday, January 21, 1889. The prize committee (K. Weierstrass, Charles Hermite, 
and O. Mittag-Leffler recommended unanimously the award of tlie prize to H. Poincar6 for lus 
loqg inaaiair on th« flm bo^ pcoblem pobUdied in 18S2 sad 1893 as VoL I, n 
noindiBB de k Mtaudqoe oOeile.** S. Pobicar6 [1]. 
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any less. I also had to referee a second larger and fairly interesting paper*'' of 
Poincare on potential theory; I must confess, 1 would never be able to publish 
papers in the state Poincare did, 

August 20, 1894: Hermite has now studied everything I sent him of my book.*^' 
He writes about it full of delight to the translator: Je Crois voir la terre promise, 
etc. 

May 30, 1896: 1 had a very nice letter from Picard about my book. 

January 22, 1896: The papers of Jordan'^' are really quite interesting. But if 
already Kiunmer's computations were disagreeable to youth in Jordan s opera- 
tions, his "pour fixer les id6es** will truly natiseate you. 

Comments: The reveahng letter of February 14, 1885 refers to the six papers 
on quadratic forms published by H. Poincare (1854-1912) between 1879 and 
1882*^*" in which the powerful French mathematician appropriated to himself a 
half century of German arithmetic developments, reinventing much of the theory 
of lattioes, ideals, algebraic number tiieory, quadratic forms, and creating ths 
beginnings of dass fidd tiieoiy and fhe geometry of numbers, including some 
ideas Minkowski published a Uttie later.fu) 

However, MinkowskTs fear of another anticipation by Poincar6 was unfounded 
since the latter's work in arithmetics in subsequent years was directed towards 
conquering the reduction theory of forms of higher degree.'*^' The problems only 
partially solved by Poincare, as K. Mahler remarks, are still slumbering to be 
reawakened in the context of a constructive theory of algebraic numbers based 
on the reduction theory of higher norm forms. As we shall see in III, Minkowski 
worked for many years on the problem generalizing to higher algebraic number 
fieMs Lagrange's appUcation of cmitinued fiaction algoritimis to tiie aritimietic 
theory of real quadratic number fidds,^* apparently never fully to his own satis- 
faction and apparentiy not aware of the fact that his rival was trying his power on 
the hard problems of reduction theory. 

In later letters Minkowski refers to intensive studies of the work of certain 
French mathematicians (like C. Hermite (1822-1901), J. Hadamard (1866-1963), 
C. Jordan (1838-1922)) which seem to indicate that he is after all much keener to 
learn than he is afraid of being anticipated. He obviously cherishes to be appreciated 
by his coUeages "in Feindesland". 



<*> s. Fotncar6 [2]. MinkowskTs reviews of Pdncar^ [1], [2] aie fonnd ia Jahcbudi d. Fort 

tchritte d. Mathematik 22 (1899), 907-914 and 977-980. 

No copy of the letter seems to be published. 

s. C. Jordan (98)-(100) and (103) of chronological list of publications in Oeuvres, 4 vis. 
(Paris 1961-1964). 

<»> s. Poincar6 [3]-[8]. 

<"> s. Minkowski [5]. 

(») s. Ftincu^ 19-11] and [12] p. 21. 

»» Joseph Louis La^rags (1736-1813), Oeovra vn, 56 A n, 606. 
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But some non-quoted remarks and allegations*^^' seem to show that Minkowski 
never rid himself entirely of his awe before H. Poincare's power of creative achieve* 
ment and fear of anticipation even when the latter became seriously ill. 

Yet it is equally true that Minkowski used to say at home that life is too short to 
waste on trivia, for him its purpose was to behold the truth, to understand it well 
and to expound it perfectly. 

II. On R. Dedekind and Kronecker 

December 20. 1893: As I had planned, I have reproduced the comment you 
made in Cran/,'^*" in an appendix to my book,'^'* in part 1 communicated it to 
Dedekind'"^' on the occasion of receiving a copy of the new edition of his "Zah- 
lenthcone". It is a pity, 1 have not rushed more to finish my book. Dedekind 
certainly would have needed to refer to it at several places. 

April 16, 1895: The latest paper of Dedekind*^'' gives me the impiessioii that 
you found a fellow sufferer in Hurwitz<*^ in relation to Dedekind who xeally 
seems to have adopted KioneckerV*^) ways, to have had everything already. 

March 31, 1896: 1 like your report^**) in its austere and yet conplete form 



(Mi Minkowski [1], 155, [2] U, 401 ; note that the inspiring lecture of September 21 , 1908 on 
**IUuni und Zdf * (P] n, 431-444) mains no nH»tion of Poiiicar6*s oontribiiti(m in cttaMidung 
tile basic role of the group now named after him. 

< Minkowski [2] I. XXIX 2nd paragraph. On Poincart and Uilbert see also Reid, p. 22-24, 
62-63, 99, 106, 120-121, 125, 133, 141, 185, 186. 

ban obituary published in a Bonn newspaper by Professor E. Study the impact of Minkowski*: 
personality was summarized as follows: A man of unpretentious behavior, he hardly ever came 
in public view. His inner eye was focused always on the things of the mind, never on the assertion 
of his penonality. Yet hewn not witfioutambition--the ambition of flwldad Oat is be^^ 
to the research scientist: only to present perfect work to the public. Thus he published relatively 
few papers, not inQuenced by the fashions of the day. Only a later period will be able to do full 
justice to his iniport. H« did not haw modi influence as a teadier^ 

casjr to adjust the exposition of his ideas to the average person's ability to undentand. On the 
iriiole a man of quiet disposition, Minkowski liked to let things take care of themselves. But people 
near him learned to apptedate his harmonious mture, so amiable with all his critical talents and 
full of a happy sense of humor which sometimes could become sarcastic for good reasons. He 
offered the example of a self-disciplined person of easy-going manners to an q>odl whose ideal 
seems to be the dcveiopment of totally different character traits. 

<"> Cranz, a summer icsort at the Baltic UdcB near KSnigsberg where Ifflbert was professw 
at the University. 

There is no appendix to the "Geometrie der Zahlen. " Probably Minkowsld refers to the 
appoidix to tiie first chapter (Anhang tiber lineare Ungleichungen, p. 39^5). 

s. Dirichlct-Dcdckind. The preface was completed at Bad Harzburg, September 30, 
1893 and contains no reference to H. Minkowski's break-through in the geometry of numbers 
fhou^ tiiere is a footnote refcning to it in Siq)plemettt XI (s. Dedddnd [1] III, 142). 

s. Dedekind [3]. 
<»» s. Dedekind [2]. 

8. Fkobenhn. 

s. Hilbert tq. The "theorem on abelian fields" (§100) is Kronedcer*8 tiworan tiiat finite 

normal extensions Hi tiie rational number field with abelian automorphism group always are 
contained in a suitalde cyclotomic field extension of the rational number field. Its proof is given 
hi SlOl-104, 
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extremely well, and it will certainly meet with great approval and push very much 
into the background the works of Dedekind and Kronecker. 

July 27, 1896 (referring to the Zahlbericht) : Your proof of the theorem on the 
abelian fields<'^' is really extremely simple and beautiful. In order that the reader 
may enjoy it fully I would likD to xecommeiid you to finish off the necessary 
lemmas on abdian groups with hints of the proofs in advance of §100, at least 
you should give a xefetence to tiie reader ^fttett he would find a fhU eoqxMition of 
the theoiy of abelian groups for this purpose.^ 

AjHil 13, IB9%: Your communications about your new reciprocity law'^ 
made me extremely excited, and I congratulate you for the far-reaching results 
which you have obtained. In the interest of the progress of science, I would like to 
ask you possibly not to keep back the most beautiful things for yourself for a long 
period, as it almost seems to be the case according to your pronouncements, but 
disclose everything you have achieved to others so that not again the state of 
affairs may develop as it did after the first publications of Kronecker.^*^* 

Comments: April 16, 1895: In his paper "Zur Theorie der Ideale" (GSttinger 
Nachrichten, 1894, Werke II, p. 272-277) Dedekind refers to the recently published 
paper of Hilbert (Grundziige einer Theorie des Galoisschen Zahlkorpers, Gottinger 
Nachrichten 1894, p. 224-236) on the theory of decomposition and ramification 
of prime ideals of an algebraic number field in a finite extension. He points out 
firstly that his eailier publications contains those laws in outline, secondly that he 
had communicated the fyi theoiy to Frobenius in a letter of June 8, 1882 and 
tlurdly that the topic is capable of mudi flirther generalization. 

March 31, 1896: Hilbert did succeed in pushing back the influence of Dedekind 
and Kronedcer in number theoretical research on his German contemporaries for 
a generation — at a price. As two of the editors of Dedekind's collected works 
(E. Noether and O. Ore) wrote at the occasion of Dedekind's 100th birthday:'"' 
"Es ist ein Zeichen, wie Dedekind seiner Zeit voraus war, dass seine Werke noch 
noch heute lebendig sind, ja dass sie vielleicht erst heute ganz lebendig sind." 
Dedekind's deep investigations on the foundations of ideal, ring modiile, and 
lattice theories make him the fiitfaer of modem algebra. 

In the sense in ^ch C Chevalky describes modem algebra as the language 
of modem mathematics^ we can see in Dedekind more than in any other sin^ 
man or woman the founder of the conceptual method of mathematical theoiiation 
man or woman the founder of the conceptual method of mathematical theori- 
zation in our century. The new generation of mathematicians under the leadership 
of £. Noether, H. Hasse, R. Brauer, A. A. Albert, O. Schieier, E. Artin, W. Krull, 



cp. Minkowski [1], 19-21. 
'"•s.mibert PL 

<"> s. Dedekind [1] III, Nktawort der Hsm^pber. Dedflkind wts bom on October 6, 1831. 
<**>8.C3ievalky,Fcefooe. 
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and B. L. van der Waerden after the First World War realized in full detail 
Dedekind's self confessed desire for conceptual clarity not only in the foundations 
of number theory, ring theory and algebra, but on a much broader front, in all 
mathematical disciplines. 

It is not possible to blame this situation entirely on Hilbert himself who gave a 
fiitt aoooimtiiig of the available Utecature on algebraic number theoiy in his 
'Zahlberidit* and who himself in his eailier work on fhe fheoiy of invariants 
proved to be Dedekind's most powerftol piipil in the abstract direction of algebraic 
lesearcii by giving a pnidy existential argnment for the finite generation of the 
ring of invariants of any system of forms.^'^' As well, Hilbert in his own work was 
fiilfy aware of the strength and necessity of the constructive approach which he 
provided for invariant theory in another less well known paper. Furthermore, 
Hilbert in a series of classical papers inaugurated and partially anticipated the 
research on class field theory which in the twenties and thirties of this century 
almost became synonymous with higher number theory'*'' so that indeed a whole 
generation of scholars felt forced to think Hilbert's way.*** 

Now ^dien the force of Hilbert's influence is about spent we realize more dearly 
the greater depdi of the theories of Hilbert's teadier Kronecker in regard to his 
Hiebester Jugoidtraum'. See for instance the comments made by Hassdl on a 
letter of Kronecker to Dedekind in Werke V, p. S10-51S; Minkowski was one of 
the editors of Kronecker's collected papers!. Consider also Dedekind's broad 
approach which led him to the following prophetic statement: 
(From a letter to Frobenius, February 5, 1883 (Werke 2, p. 419)): 
I believe firmly, there will be a time when one will find very general laws 
permitting to derive immediately the prime ideals of a field from its dis- 
criminant and its other invariants (which maybe also ideals of related fields); 
yet we may be still far removed from this goal. In the last years, I have occupied 
mysdf very little with these questions to whidi I am very desirous to return 
iinoe they senn to be the most interesting of all ... . 
Dedddnd knew the corresponding conjectures and results of dassfield theory 
quite well*'') as did hiscontemporary H. Weber*"' butDedekind outlines a research 
program which does full justice to the complexity of algebraic number fields as we 
meet them in nature whUe Hilbert picks one particular case, though periuips the 
only one where to this day an elegant theory is developed. 



s. Hilbert [4], [5]. 
«~' s. Hilbert [6]. 
<••> s. Hilbert [3], [7], [8]. 

«M) "You have made us all think only that which you would have us think" Reid, 214. 

<">§. Dedddnd [4]. 

<•» s. Weber n $208-223, m SlSfr-169. 
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UL On the Geom^ry of NHmbers 



November 6, 1889: 1 have made quite a bit of progress on the theory of positive 
definite quadratic tonxa indeed a lot turns out to be different for forms with a 
larger number of variables. Perhaps you or Hurwitz will be interested in the fol- 
lowing tiieorem (that I can prove on half a page): 

To every poaUioe definite ^piadratic form of determinant D of n (^2) variabUs 
one can always give the argument such integral values that the form becomes 

<nD^'". 

Hermite*^^' has here for the coefficient n only (4/3)i/*<''~^*, which is much larger in 

general. 

December 22, 1890: I have generalized my proof for the theorem on the mini- 
mum of a positive quadratic f<»m in an extraordinary way, I have realized that the 
spedal advantage of quadratic forms is ilhisoiy , in as mudi as other definite forms 
(though not necessarily rational forms) permit much fiirther reaching consequences 
Thus I found the following result,^ which could not be obtained by the use of 
quadratic forms: The discriminant of any algebraic number fidd which arises 
firom an int^ral equation with n-^lfi real and 2/8 comfda roots is absolutely 
greater than 



The letter of June 11, 1891 announces in detail four fundamental results of the 
new science of the geometry of numbers: asymptotic class number formula for 
positive definite quadratic forms with integral coefficients, Minkowski (Siegel- 
Hlawka) theorem/^^' estimates for densest lattice like sphere packing in n dimen- 
sions from above and below.'"* 

August 30, 1892: With my book I have so &r advanced that I shall turn to a 
publisher one of these days. I did not want to do it before everything was clear 
and definite. I have expounded all piindples that I use, e.g. the auxiliaiy results 
from the theory of ftmctions. 

Another reference to the book is found in the letter of February 23, 1893 and 
again in the letter of June 2, 1893: Since I voluntarily contracted for awhile to 
paint doors and to varnish windows I must finish the job now. I hope it does not 



<•« 8. Homite [2]. 

«•«» 8. Minkowski [6], [7]. 

Regarding the asymptotic class number formula, s. Minkowski [10]. Minkowski [8], 
[9] conjectured that any pointset of the n-dimensional space that is starred at the origin and of 
volume {(/i)" can be traosformed by a volume preserving linear transformation so as to avoid all 
integral kttwe points other than the origin. This conjecture was proved only for solid w ^p hew i 
by Minkowski [10], it was proved in general by E. Hlawka and put by C. L. Siegel into the context 
intended by Minkowski [9] (p. 279: Der Nachweis dieses Satzes erfordert eine aritiunetische 
Thecrie der kontirarieriidien Oiuppe ins allea Unearen TransfomMttkwen). 

<■•) s. Minkowski [Uq. 
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lastmuchlonger. Thelast itemi put intomymainucript was a proof fortbe periodio- 
eiipanuoii of qnadntic itntionaUties as contimied fractions. It is roally strange, 
in how bad a state this old problem still was and how one based everything on a 
few fomndae whicfahad gotten in by change. Moreover I believe that every civilized 

mathematidan must have a horror of the chapter on continued fractions in the 
textbooks. In my presentation there is hardly a trace left of compulations and I 
believe I have suceeded to formulate more precisely the often uttered vague desire 
for generaUzation of the continued fraction theory. 

February 8, 1894: There can be no argument about the educaiionai value of 
(dassical) geometry though there is more life in other areas of mathematics. 

August 20, 1894: 1 am about ready with contmued fractions for two real quan- 
tities. The now finished version of this investigation will be, I bdieve, quite in> 
stiuctive; it has much similarity with Jacobi*s algorithm;^*') my algorithm is 
somewhat more sophisticated, whidi is compensated for by the possibility of 
deciding more plaus3>le questions, to which the answer for the other algorithm 
remains in doubt. 

February 10, 1896: The complete presentation of my investigations on continued 
fractions has needed almost 100 pages eventually. And yet it still lacked the only 
satisfactory end, a characteristic criterion for cubic irrationalities which was 
vaguely stirring in my mind. Without this completion, which I believed to be quite 
near, that chapter of my book would have been unsatisfactory at least for me, . . . 
as now recently again Weber urged me on to publish at least what was there abeady 
I resolved to do it ... . 

March 11, 1897: For my theorem that one can make n real linear forms of deter- 
mmant ±D simultaneously absolutdy less than D^'* by integral values of the 
variables Hurwitz has found a ridiculously simple proof after a recent conver- 
sation so that I must be very much ashamed not to find it myself. This proof takes 
care also of the boundary case regarding the equality sign in ^D^^", even though 
there are difficulties left in that latter case. The proof is as follows. It suffices to 
deal with the theorem for forms with rational integral coefficients: Let the forms 
be 

and abs \a^,^\ = D. Then Dx^=Aik}\+A2kyi-\ \-A„^n=$^ when the A^e arc 

rational integers (k = \ , . . . , n). Now there are among the systems fj, . . . , 
modulo D all told D systems ^i, . . . , that are not congruent as is shown by 
unimodular reduction of la^^l to a quadratic system with non zero terms only in 
the diagonal. Suppose A is the greatest rational integer not larger than D^'" so 
that (A-|-1)*>D and if y^==0, 1,2,..., A(/z=l, . ..,«), then among those 



s. Leon Bernstein; The Jacobi-PeRon Algorithm, its theoiy and qiidicatkm,L^^ 
207. Springer 1971. 
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(A +1)" systems there are neoessarity some two, sayy[,yi^ . . . ^ y'^ and , y" 

y^ for which fi» . . • * In assume the same residue class systems modulo D. Then 

Y'[—y[=bi yn~}'n=bn all ^D^'", but not all zero, and there are rational 

integers x-i, . . . , x„ for which the forms yi, . . . , v„ will be equal to . . . , b„. 

April 4, 1897: Hurwitz's proof for my theorem on linear forms really is essen- 
tially different from yours'^*^' though Dirichlet's idea finds its application in it too. 

April 13, 1898: In lecent times I have worked once again on generalizations of 
oontiniied fraction algoiidmu. Thus each step requires long conqmtatioiis to 
yfludi the results are in no comparable relation; in spite of eveiyUiing I can't 
tear away myself from the subject Certainly there are beautiful things hidden in 
tile back^ound. 

July 20, 1 898 : For the computation of class numbers the bounds that the method 

of §42, p. 133 of my book gives are the best. But really the best methods to that 
end will be contained only in the second part of my book.<^*' I myself do many 
new examples for my new algorithms, and I believe that much light, particularly 
on the theory of cubic extensions, will be shed due to the new computational 
tools.<*<»> 

June 22, 1900: IKnoe we parted fiom eacb oflier I worked wiHi ftill vigor at my 
second vohime. In its competed state I like some things quite wdl. I bdieve the 
computation with the new algorithms whidi I expound will find some fiiends, 
though periups not among tb» top mathematicians. 

July 28, 1900: With my book I did not get as far as I wanted— I had hoped to 
present the final chapters to Hermite personalty.*'^' As Vdterra indicated, probably 
Hcnnite will not be approachable at alL 

Conunente: Why does Muikowsld see not much life in Geometry diougjh he 
worked all his life on problems of convexity and on the geometiy of numbers? 
Obviously he refers to eudidean geometiy of the type tauglit in hig^ schools of his 

period. 

Minkowski had a remaikaUe geometric intuition which he thought to bear on 
problems of number theory among other things. His theories on pencils of convex 
bodies were instrumental in the creation of integral geometry*'*^) and the new 
trend in the geometry of numbers.'*'* The arithmetization of geometry which 
Hilbert tried to estabhsh'**' did not overly excite Minkowski as Minkowski's 



«»'• s. Hurwitz [3]. 

<»•' s. Minkowski [14], [15]. 

Minkowski's letter speaks about a good deal more than is contained in [11]-[13]. 
The book did not get finished in the intended form, planned probably as the second 
v(duiiie of [14]. Some of tte inatorial went in^ 
best introductions into algbbiaie number Aeary. 
s. Blaschke. 

a. R. L. Gndiam, WHwihaotm. 7sMmh>ut. 
hi the 'Toiindalions of Geometiy.** 
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intuitive geometric ideas stined up Hilbert's desire to at the truth without 
geometric intuition.'*^' 

However Minlcowski also saw what Hilbert did not see, that both geometric 
intuition and conceptual brilliance cannot stand in the 'user's court' if they are not 
underpinned by a broad algorithmic foundation. He tried in particular to establish 
algorithms for obtaining the units of an algiebcaic number ficld,^^ though he also 
yay inobably was oonvinoed of the numerical inadequacy of his estimate for the 
dan number of a field in tenns of its discriminant, hi odier words he tried hard 
to estaUish the foundations of constructive algebraic number theoiy» a goal we 
begin to envisage anew now many years after Minkowski/*^' Note how litUe 
Minkowski is impressed by the pedagogical concerns of a text book writer! 

IV. On Applied and Pure Mathematics 

December 79, 1887 {torn Bonn): My colleague v. Ulienthal is a veiy cfaarmuig 
man; but I lifce to talk with him on anything else but mathematics. Quite soon he 
gets much too deep and raises questions on ccmoepts and foundations when I 

want definite facts. 

December 22, 1890: That I do not come to Konigsberg at Christmas, you will 
have gathered already from the fact that I did not turn up, neither in your study 
nor at the certain Nachtigallensteigecke, nor anywhere else on the horizon. I do 
not know whether I must console you, nor even do I know whether it gives you 
comfort to hear from me that this time you would have had little joy from me as 
someone vriu> is thoroughly infected by physics. Periuips I would have to undergo a 
ten day quarantnie before you would have readmitted me to our joint walks as 
mathematically pure and unapplied. 

In order to find things in common with other mortals I have yielded to ma^cs 
(meaning: to physics) entirely. I have practical laboratory sessions in the physics 
institute, at home I am studying Thompson, Helmholtz and consorts; and be- 
ginning with the end of next week I shall even work in a blue smock a few days a 
week in the institute for the construction of physical instruments, a type of practical 
activity more terrible than anything you can imagine. 

April 16, 1895: ... I miss your company very much. I didn't quite make it 
yet to the apple tree, I believe, since your departure though I walked frequently 
witfi Garbe who always depicts tfie duums of the local professorial daughters. 

Juty 1, 1895: The actual infinite is a term that I came across in a paper of Cantor, 
and I lefened in my fecture^^ mostly to theorems of Cantor too; they found 
general interest tfioug^ some people did not want to believe in tbem. The actual 



<«•> s. Minkowski [15] Kap. I {6-9, t. abo Hecke. 116-117. 

<«•> s. Minkowski [13]. 

MnB.23mmBr. 

<«>s.Miiiko«iki[16|. 
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infinite in nature of which I mainly spoke — the title was worded somewhat exci- 
tingly so as to attract a few people inspite of the heat — was the position of points 
in space. Whether the attribute "in nature" was justified or not, I must leave 
undecided, even though I had constructed some amusing examples for Cantor's 
theofons in Hist ngaid. At ttus opportunity I have leaUased <Mioe agtin tihat Cantor 
is one of the most inspired living mathematicians. 

Felmiaiy 11, 1899: Also I am stiU nmdi oocupwd witii the apfdications. From 
thermodynamics I went to chemistiy. I always think one of these days to come to 
the rescue of (F.) Klein against his many attackers by way of demonstrating that 
the mathematicians really can do something for the practioe, and even better 
things than to record the movements of a spinning top. 

Comments: We observe that Minkowski is a 'naive' mathematician from 
the viewpoint of a contemporary having gone through all the strictures of the 
foundations of mathematics*. Neverthdess he develops subtly the consequences 
of Cantor's set theory in a physical interpretaticm leaving it open wbtOut peiiups a 
discrete interpretation would be more appropriate. Hie perpetual discussion by 
word and example between Minkowski, F. Klein, and D. Hilbert on 'pure and 
applied mathematics* is stin with us, even in about the same tenns and so far with 
about the same results too. 

F. Klein'*®' in numerous books and articles tried to formalize the applications 
of mathematical thought as an independent discipline of teaching and research. 
Though this approach is most popular among us its dangers are a certain lack of 
depth and a lack of interest of the pure mathematicians. Hilbert, on the contrary, 
tried to purify the applications with his theory of gas equations'"*' and general 
relativity.^' 

The dangers of this approadi are its lack of applicability and the lack of interest 
it found with physicists in the precomputer age. 

On the other hand, by the purely mathnmatical theoiy of integral equations, 
Hilbert and his pupils (like E. Schmidt and H. Biickner) perfected both the con- 
ceptual and the numerical aspects of Fredholm's theoiy so as to anticipate the 
need of a most useful tool for the modern quantum physicist. '^^^ 

Minkowski, however, tries to listen to his colleagues, the physicists and chemists, 
hoping that what they tell him may strike a sympathetic chord in his own mind. 
In a manner of speaking he believes in team work. His hopes, as expressed in his 
letter of February 11, 1899, found their fulfilment in the last years of his life 
when he returned the stimulation he received £rom his friends, tiie physicists, 



<**> s. e.g. IGdn and Scaomofdd. For a critical i^ipnciatian of Kidii*s approadi, •. Heun, 

ui particular the summary at ti» end <tf the actide (p, 117-120). 
<»•» s. Hubert [9]. 
(•»t. Hubert [10]-[11]. 
(•» s. C. Rdd 171. 
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with interest in the form of classical treatises on special relativity theory^'^' and 
electromagnetic theozy.*^ 

v. Ob Hflberfs Paris Addnn on "ThePkobkoMof MidlMMtlcs*'**^ 

December 30, 1899: Regarding your plans for a speech in Paris I cannot give 
any opinion yet, I shall think it over still and soon write about it to you. 

January 5, 1900: I studied again Poincare's Zurich address.*^" One can well 
subscribe to all his assertions in view of the mild way they are stated. Indeed he 
does ftill justice to pure mathematics. Therefore a speech cxdusively in praise of 
pore mathnmatics does not fully convince me as the best tiling to do. Ify tiie way 
only afew people wOlstillranember what Poincar6 said at that time. Siooe Poincar6 
was not there himself at tiie time and his draft was read, the impression was not 
neariy sodi as with Boltzmann at Munich for example.^*'' 

Most attractive would be the attempt of a preview on the future, in other words 
the determination of the problems, which future mathematicians should attack. 
Here your could achieve that people even after many years would still speak of 
your address. Yet to prophesy is of course a difficult thing to do. Perhaps you may 
be also afraid of revealing prematurely certain ideas which you have formed 
regarding the future treatment of problems. Topics of a more philosophical nature 
are perhaps bettor for a German puUic tiian for an intonattonal cme. A review 
and a preview will be probably also given by a Frendi mathematician who is 
likely to be the first to speak. You should try somehow to make sure about that 
Since the audience are experts after all I tlUnk an address like Hurwitz*s whidi 
also was liked very much at the time,<^> with definite facts would be more iq>pro- 
priate than a mere chat like Poincare's. 

T am really keen to know on which topic you will finally settle. Though it is much 
more the exposition than the topic itself which matters, nevertheless one could 
effect a doubling of the audience by an appropriate choice of a theme. 

July 10, 1900: Of the more definite (?) problems of mathematical physics which 
are neither of a too special nor a too general character one should perhaps mention 
to find mechanical analogues of the mode of action of the forces in ether and 
fiirtimmore the forces of diemical bonding ... I believe that there are really many 
mathematical questions that are interesting and useful for physics in the areas 
toiidied by Boltzmann (Gastheorie, Bd I §1) Einleitung, S.4.5. Bd. n Schluss des 
^0. S. 206, S. 212 Mitte der Seite, §88-90.) Perhaps you also ask Nernst for his 
opinion. Also with the philosophers you will have to fight some tough batUes. 



s. Minkowski [18]. 
<•*> s. Minkowski [l?]. 

s. Hilbert [12]. 
•••» s. Poincare [13]. 

s. Boitzmann. 
<M»s.HunritzP]. 
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At any rate, that is both Hurwitz's and my own opinion, you must shorten 
and cut the draft very substantially for oral presentation. For this will be better 
since some passages have to be spoken at a slower speed and you don't have to 
use all of your time. I shall read of course with great interest the galley proofs of 
your addxe$8. 

July 17» 1900: 1 have leoeived the fint 3 proofs of your address. Soioe I don't 
know what is still to come I cannot yet give my definite opuiion. At any rate it is 
estremety original to pose as a problem for the future that whkh wathwiMitirians 

believed to possess already for the longest time, as the axioms of aritimietics. 
What will be the reaction of the laymen who will be represented among the audience 
in great numbers in any case? 

July 28, 1900: I have finished reading your address with great pleasure. Since 
I waited for the end to get the correct picture my reading was somewhat delayed. 
1 can only congratulate you on the address, it will certainly be the event of the 
congress and the success will be long lasting. In particular I believe that your 
power of attracting young mathematidans through this address niiiidi probably 
will be read by eveiy mathematician without exception will still grow if this is 
possible at aU. By elimination of small tiiingi the introduction has gained in 
perfection. Hurwitz and I had made ourselves an entirely wrong picture thinking 
that there should be called a halt to the 'Ignorabimus',^^'' in particular since yott 
had dealt with the variational calculus in such detail already. 

Now you really have taken mathematics under your command and one will 
generally acknowledge you to be the director general. Now I am keen to know 
how you will proceed with the oral presentation. You can't say everything. Perhaps 
you read right on to the Ignorabimus, you give afterwards the 21 problems in the 
sectional session, referring to them in the address and stOI read the terminal 
passage. But, this fMooednre may not wock in the aid, if your address will be 
iriaced on the agenda of Friday rather than Monday. 

Comment: The story of the preparation of the Paris address has been told very 
well already in C. Reid's book. There are undertones supplied by Hilbert's and 
Minkowski's relation to the French mathematicians as well as to German mathe- 
maticians hke Dedekind and Frobenius.*'"' 

It is remarkable how well the design of the completed address fits the general 
pattern indicated by Minkowski.*"* 

And yet Hilbert*s address almost has gone its tuH course In the histoiy of our 



<">■. Hnbert (12] 2M (2nd pmgnph). Bmfl Dnboto-Rajmioiid (181»-189Q. a Gemnn 

physiologist had stated in a famous address on the laws of nature, that we will never know the 
internal workings of nature: Ignorabimus. Uilbert answers: "In der Matbematik gibt es kein 
^gDOcaUmn.** 

s. C. Reid 86, Biemuum 
<»> s. C. Rdd 69^73. 
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science so that even a large meeting of a predominantly historical bent relating to 

the Paris address can be held nowadays in the USA. But Minkowski's ideas are 
still as fresh as when they were first born and their full impact has hardly been 
explored. Thus we see in this country many young mathematicians of the most 
varied interests working on problems and areas of problems with which Minkowski 
wrestled already. 

nme aie ^ nnmber gsometen all stout of heart and fearless. Theie ate the 
functional analysts foigetfiil of Minkowski's more geometric ideas. There are the 
ftmcttonal equatiooists taking up on a grand scale Minkowski-Ifilberf s algorithmic 
ideas. There are combinatorialists, espedatty of the geometric type conjuring up 
the most sophisticated space divisions which would give Minkowski great joy to 
behold. There are applied mathematicians of all descriptions some working in 
teams, some working alone, some listening, some talking. There are number 
theorists of all denominations dealing with prime numbers and discriminants, so 
as to make them 'wiggle and waggle','^-' and we begin to out-drcam Kronecker. 
There are the convex and also the non-convex geometers and there are the analysts 
sometimes painting doors and varnishing windows, sometimes engaging in sophis- 
ticated speculations at a topdogical nature which in principle were quite familiar 
to Minkowski as his fecenfly rediscovered lecture notes show. And last but not 
least the aJIgebraists who nowadays do a great deal more tiian Mmkowski and 
Hilbert would dream of wbea they did not study Dedekind. 

Here is a young ^neration full of vigor, apparently mudi less afraid of any 
lack of professional success than Minkowski and Hilbert were in their younger 
days, on the contrary we see them taking over gleefully one position after the 
Other. May our science continue to prosper with them and after them! 

Let me finish with a number of questions of continuing interest.^"' 

1. Give algorithms that are best possible on the average for computing class 
number, unit group, discriminant and maximal order of any Dedekind order, 
and the Galois group of an algebraic number field. 

2. Classify algebraic number fields in terms of the behavior of its ramified 
prime numbers.'*** 

In Fall 1893, Hilbert an Extraordinarius (associate professor) of the University of 
Koni^berg, was offered by F. Althoff the position of an Ordioarius (full professor) at the same 
JMmtitf viealed by Hilbal^ teadMr UndBnuum, Hilbert, when asked by AUboff to name a 
successor for his former position, succeeded, in spite of some difficulties, in bringmg Minkowski 
to Konigsberg for Easter 1894. When Minkowski had accepted Aitboff's offer be wrote to Hilbert 
on January 3, 1894 ([1], 59): Hearty thanks for all your efforts which lead to this happy end; 
let us hope for an agreeable and firuitftil time togoOm SO that H» pcimMnimlMn and w c ip roc i qr 
laws may wiggle and waggle! 

The two friends stayed jointly as colleagues at KOnigsbo^ until Easter 1895 vi/bm Hfflxrt 
moved to Gdttingen. 

(**> Growing out of the intimate acquaintance with Minlcowaki's worlc 

'**> s. Zimmer, Zassenhaus [1], [2]. 

<*■> 8. Ziwpnhaw p]. 
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3. Study the optimal packing and covering inequalities in three and more 
dimensions.*^®* Is it true that in case of the existence of a Lie group G for a packing 
or covering problem there are optimal distributions with an automorph contained 
as a discrete subgroup with compact factor space in G? 

4. Apply higher arithmetics (reciprocity laws) efifectively to the problem of 
prime factorization.^*') 

5. Establish algebnde modd fhe(ny as a theorem proving dem 

6. EstaUish ftdly the relationship between the integral rqnesentations of a 
Dedekind order (e.g. tlie integral group ring of a finite group) and its rquesentation 
theoiy modulo prime ideal powers. 

7. If there are discrete space time universes, which mathematical featiires are in 
common to them to make them compatible with the macroscopic behavior of the 
observable world? 

8. Will this country continue to encourage the growth and maturing of the 
apparently diverging research tendencies of its mathematicians or will it succeed 
in effectively manipulating them? 

9. Do we work on a problem because it hounds us or because someone else 
hdds us bound to it? 

10. What is more in^NMrtant: to darify a concept in our mind or to puUish 
many papers? 

11. Can we afford to continue proving the eodstence of mathematical objects 
which we cannot construct? 

12. Does applied mathematics mean to profit from what we can do well, or to 
do routinely what once some people could do extremely well or to listen respon- 
sively to the questions of others? 

R£sum^ 

L*hi8toue des sciences math&natiques est beauooup phis que Tdtude de docu- 
ments et la verification de dates importantes. 

Les documents et les dates sont necessaires pour rappeler a ceux qui etudieront 
plus tard la profondeur vtotable des math^matiques, quelles furent les etapes 

cruciales du passe. 

II est vrai cependant que chaque nouvelle generation de chercheurs va neces- 
sairement reinterpreter I'essence et I'impact de decouvertes pass6es a la lumiere 
de leur propre perception. Ced dans le but de regrouper le peu qui soit coima 
et d'ouvrir la voie k des nouveOes dtenmoles. 

Frenons done nn moment de recul hors de nos spihtees ac tu dles de prfoocupatuxn 
pour nous replonger dans notre pas86 comnran et rstnmver encore une fois une 
visimi fliture de ce qui s*ouvre devant nous. 

s. Cirabam, Witseahausea and .ZaMcnham. 

So te oaljr fUmmitiy mmibar Oeantfe and qnadntie nec^piecitjr law medwds have 
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BOOK REVIEWS— COMPTES RENDUS CRITIQUES 

Model theory for infinitary logk, by H. J. Keisler. x+208 pages. North-Holland, 
Amsterdam, 1971. U.S. »11.00. 

This is fbt first book to be published on infinitary logic and is concerned with 
the logic L„^„. This logic is the extension of first order predicate logic L obtained 
by allowmg oomitably infinite disjunctions and conjunctions. The book is designed 
for those vibo aheady have a good knowledge of first order logic Being based on 
a lecture course of the author it should prove an excellent text for an advanced 
graduate course. It is indispensable for those doing research in mathematical logic. 

In the early part of the book much use is made of consistency properties in the 
style of Makkai to prove some of the basic results on L^^.^- method of con- 
sistency properties is an elaboration of the method by which Henkin proved Godel's 
completeness theorem for Z.. The resulting proofs are short and easy to understand. 
Many of the routine parts of proofs are left to the reader. This makes for conciseness 
and focuses the reader's mind on the essential steps of each proof. 

Just as the mediod d cooaistency properties has a countnpart in tiie theory of 
L so do most of the methods available in the study of L„^^. One cannot help being 
itrudc by how dose the methodology of is to that of L. The similarities and 
ODotrasts between L and are noted througjhout the text 

This is an excellent addition to the literature for specialists in mathematical 
logic. Non-specialists should find it useful as a reference book provided they know 
the elements of first order logic. 

A. H. Lachlan, 
Sidney Sussex Collect Cambridob 



Tcnpond Logle, by Nicholas Rescher and Alasdair Utquhart (Libraiy of Exact 
Philosophy, VoL 3). xviii+273 pages. Springer Verlag, New York— Wien, 1971. 
U.S. $19.80. 

This is a detailed study of how propositional logic can be extended so as to 
permit the treatment of statements depending on points in time. To start widi, take 
a usual propositional language the formulae of which are construed to be absolute, 
i.e. time independent statements; take a set D of time ^mbols t and introduce, for 
evoy old formula A, a new formula Rt(A) with the intended meaning that A holds 
at /; finally, form more new formulae by closing up under propositional connectives, 
under the operators Rf with t in D, and under universal quantification V/. The 
intended meaning then makes it plausible to introduce axioms stating that each 
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operator commutes with the propositional connectives as well as with quantifi- 
cation. As for the interpretation of iterated operators, say in a formula Ri(Rt,(A))f 
there are two possible attitudes. The one view takes R^iA) to be temporally 
definite such that nothing new comes from prefixing an additional R^; thus 
Rt(Rt.(A)) is postuhted as equivalent to Rf(.A). The other view takes D to be a 
group— preferably one of teal numbers— and I^R^iA)) is postulated as equivalent 
to Rf^A), In both cases, the axioms stated show that the operators can be 
pushed in front of the propositional variables X in such a way that every formula 
becomes equivalent to a normal form built from formulae Rt(X) wi^ help of 
propositional connectives and quantification. Viewing Rt(X) to be a monadic 
predicate X(t), one arrives at a monadic predicate calculus; in the first case where 
there are no stipulations concerning D, this is the full monadic predicate calculus, 
while in the second case it is a fragment depending on the structure which was put 
upon D. 

Now the entire situation can be generalized in an obvious way by allowing 
atvmiic formulae t^f, for ttf in A in addition to the propositional variables X; 
one thus obtains monadic predicate calculi with equality. Consider now tiie case of 
an unstructured D. Although the formal apparatus aUows for the quantification 
over time* the temporally definite interpretation of formulae R/jO suggests that 
the t here has more the duuracter of a constant than that of a variable. There are, 
however, syntactical as well as semantical situations which make it desirable to 
have available a time index having the properties of a proper variable; thus D is 
enlarged by adding a symbol n, obtaining a set D', and the set of formulae is 
enlarged by now permitting the t to come from D'. A formula R„(A) then is 
temporally indefinite, taking the meaning ''A holds presently" where presently 
refers to a shifting instant of time (in contrast to the usual, definite hio-et-nunc 
meaning of **now**) ; thus A shall always be equivalent to RJiA). This Ji now permila 
substitution: R^n^O is equivalent to r*nf', R/f'^n) is equivalent to f'^t; witii 
respect to quantification, however, n is a non-entity, and the rules of the predicate 
calculus cannot be applied to formulae containing ». In case D carries the structure 
of a group, the role of n can be taken by the zero element although the substitution 
axioms still have to be added explicitly. Assume now that D' is provided with a 
binary relation < which, in case of D carrying a group structure, shall be compat- 
ible with the group operation. One then can define the four tense operators F, P, 
G, H (future, past, future-perpetual and past-perpetual): G{A) is V/(«</^^t(-^)), 
H{A)is\^tit<n-^RJ^A))yF\& "iG~i,Pis i.tfi; combinations of these operators 
permit tiie expression of more complicated tenses. On the other hand, one may 
construct a tense language, built from tiie propositional language by p er mit t in g 
the formation of formulae F{A^ P(A), G(A), H(A) with hdp of new symbols F, P, 
O, H; it tiien is obvious tiiat the above definitions give rise to a syntactical trans- 
formation, mapping the new tense language into the earlier time language. The 
first surprismg result now says that there is an axiomatization, formulated within 
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the tense language (and due to E. J. Lemmon) such that the theorems of that 
axiomatization are precisely those formulae whose translations are theorems with 
respect to the axioms for the time language mentioned above. The proof given here 
is semantical, making use of (a) the fact that tense language can be interpreted in 
structures permitting also the interpretation of time language, and (b) a complete- 
ness fheorem for fhe axiomatizatioii of tense k^c with respect to tiiese stmctores ; 
the latter is proved via semantic tableaux generalizing those employed by Kripke 
for modal logic There now follows a number of investigations, esteblishing 
axiomatizations in tense logic of those fragments of time logic whidi arise if < is 
assumed to have the respective properties of being transitive, a tree branching into 
future, a linear order (N. B. Cocchiarella), a linear order without first or last 
element (Dana Scott), a dense linear order (A. N. Prior), a continuous linear order 
(R. A. Bull) or a discrete linear order (R. A. Bull); in each case a completeness 
theorem with respect to the appropriate tense structures holds. The mathematical 
reason behind these logical theorems lies in the fact that, in a first order language 
with predicate symbols « and <, various order theoretic properties of < can be 
expressed by formulae involving the predicate operators G and H, applied to 
arbitrary monadic predicates il; here G is defined by GA{x)i yft(x<t-^A) and Hhy 
JSM(x) : yfi(t<x-*A)t t being fkte in ^4. For instance, if < is transitive thenGi<(x)-»- 
GGA(x) holds; oonvenefy, if this fonnula holds and if a<b<e, define A(t) to be 
a<t whence GA(a) implies GGA(a); thus a<b implies GA(b) and, therefore, 
b<c implies A(c), a<c. — ^The next topic to be taken up then is the temporal inter- 
pretation of modality. There are two possible views here: the Diodorean defining 
necessity by OA: A A G(A), possibility by O^^: A v F(A), and the Aristotelian- 
Megarian defining necessity by DA: A A G(A) A H(A), possibility by 0^: 
A V F(A) V F{A). Depending on the order properties of the time relation <, one 
then obtains various known modal systems: for arbitrary < the Diodorean defini- 
tion gives the Von Wright-Feys system M, and the Aristotelian definition gives the 
Brouwerian system B; in case that < is a tree branching into ftiture the Diodorean 
definition gives S4^ and in case that < is transitive only the Diodorean definition 
gives again B; if < is linear and not disorele the Diodorean definition gives S4J 
while in the discrete case a stronger system D results; the Aristotelian definition 
gives S5 for every linear <. 

The remaining chapters of the book deal with items more of interest for the 
philosopher: further possibilities for modalities; temporally conditioned descrip- 
tions and different conceptions of time; processes; the logic of world states and a 
world history; the master argument of Diodorus Cronus with a discussion of 
temporal determinism, fliture contingency and a possiUe 3-vahied ooooqption of 
ten^oral truth. The book is quite readable for a mathematician with some bad:- 
ground in mathematical logic; its presentation is immensely superior to Prior's 
Past, Present and Ruure (Oxford U.P. 1967) which is often referred to for philo- 
sophical matters. For possible future editions this reviewer wouhl recommend a 



Copyrighted material 



466 



BOOK REVffiWS 



more extensive treatment of first order temporal logic than the one presently given 
in chapter XX; this could take into account, among other things, Grzegorczyk's 
logicof scientific research (Indagationes Math. 26 (1964) 569-601),cf. also Klemke's 
work (Archiv f. Math. Logik u. Grundlageiiforsch. 14 (1971) 148-161) and the 
thesis of Gornemann (Hannover 1968). Also, a discussion of the constructivist 
uses of time for defining negation and qnantificatioo, as employed in Kripke's 
semantics for intaiticmistic logic and put to use in tiie forcing technique of set 
theory, would fit neatiy into the general firamework of tenqMral logic 

Walter Felscher, 
Tubingen 



linear AM o ri a tir e Alg el n a a, by Alexander Abian. vii-f-l^ P*8^ PecgBmon 
Press, New York, Toronto, etc, 1971. U.S. 111.00. 

It seems that before the appearance of this book no modern introductory work 
in the English language exuted on tiiis topic Urns the author hasfiWed awtbstantial 
gap in the literature. The book should enable a student after a first course in 
abstract and linear algebra, without elaborate knowledge of abstract ring theory, 
to learn the basic facts on finite-dimensional algebras. The book is sldWaOy 
written and carefully directed toward a reader v^o does not yet know the subject. 
The preparations in the first two chapters are ample for a smooth development of 
the main theme in the last two chapters. Occasional repetitions and side remarks 
make the reading quite pleasant. Every section contains a set of appropriate 
exercises (without answers), all non-trivial and some of them hard, which should 
help to extend the reader's grasp of the theory. 

Chap. 1, "Preliminaries" (p. 1-38) reports on algebraic systems in a general way 
and deals in some detail with the direct sum and tiie tensor product of rings, witii 
polynomial- and matrix-riqgp. Chap. 2, **Vector Spaces** (p. 39-6^ presents the 
fimdamentals of Linear Algebra and Matrix Theory. Chap, m, 'linear Associative 
Alget»as** (p. 65-121) introduces the main concepts of the theory: Idempotent and 
nilpotent dements, ideals, simple algebras, quotient (difference) algebras. After a 
section on canonical forms of matrices over a field follows a section on matrix 
representation of an algebra and a section on division algebras, ending with a proof 
of the Frobenius Theorem. Chap. 4, "Wedderburn's Structure Theorems" (p. 123- 
157) applies the ring operations, described in Chap. 1, to algebras, based on the 
representation of an algebra by matrices. The concept of the radical of an algebra 
and that of a semi-simple algebra is introduced. The main theorem, stating that 
every semi-simple algebra n tiie direct sum of simple algebras is proved. The last 
section demonstrates tiie various duuacterizations of simple algebras. 

The last diapter (4) appears to be inconq>lele due to the absence of a proof of 
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Wedderbum's "Principal Theorem" according to which every algebra splits 
directly in a semi-simple algebra and the radical. The theorem is, indeed, stated in 
the "Concluding Remarks"; but the hint to a proof, consisting of four lines of 
references to earlier theorems, is probably useless. Of course a reader who has 
followed the author to this point can now proceed with A. A. Albert's "Structure 
of Algebras**. 

Further it would have been interestiiig to see the theoiy **at work**. As far as 
semi-simple algebras are oonoemed, a more detailed themy of group algebras 
might have been expected, followed by some theorems on group rqnesentations. 

Finally a word on the Bibliography. It is restricted entirely to books in the 
English language, mainly on abstract and linear algebra. Of those specifically on 
(hypercomplex) Algebras only Albert's Colloquium Publication (1939, see above) 
and L. E. Dickson's "Algebras and their Arithmetic" (1923, unchanged reprint 
1960) are quoted, in addition to the somewhat archaic paper by B. Peirce "Linear 
Associative Algebras" (Amer. J. Math. 4 (1881)) which would be of interest only 
from the historical point of view. In this respect — and otherwise — Dickson's 
eariier Cambridge Tract "Linear Algebras" (1914) also could have been mentioned. 
For the serious student of algebra dieoxy, however, it will be quite impossible to 
avoid the Eigebnisse Vohmie "Algd>ren** by M. Deurmg (193S,re-edited 1948) and, 
again mainly from the historical point of view, the artides by E. Study *Hieorie 
der gemeinen und hoeheren komplexen Oroessen** (1898) and by E. Cartan 
"Nombres complexes" (1908) in the German and French Mathematical Encyclo- 
pedia respectively. Also of independent interest is Dickson's "Algebren und ihre 
Zahlentheorie" (1927), the extended translation of his book mentioned above. 
Finally there is N. G. Cebotarev's "Introduction to the theory of Algebras" (1949, 
in Russian) which, with regard to its aims and certain of its contents, is similar to 
this book by Abian. 

H. SCRWEKDirBCTR, 

MoOiLL UMivBRanry; Mqntrbal 



MultiTariate Analysis, by A. M. Kshirsagar. (Statistics Ser. Vol. 2). xiv 534 pages. 
Marod Dekker, New York, 1972. U.S. 119.50. 

Traditional one year advanced graduate level courses on multivariate statistics 
usually comprise a discussion of testing and estimation and the related distribution 
problems (central case) for the general nmltivariate normal situation— discriminant 
analysis is also viewed as a testing problem. Kshif8agBr*s new book has no trouble 
in meetmg this need. Using d^gut matrix methods the book adiieves this goal in 
a dear, oondse and c omp tdiensive manner. Random orthogonal transformations 
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and Bartlett's decomposition (via triangular matrices) of the Wishart matrix have 
been well employed in solving the standard distribution problems. This makes the 
presentation lucid, consistent and, for a work of this sort, strangely enough, 
readable. To make the book not only a reference source for the graduate student 
bat alio an advantage to the modem xeseante many of the recent resuKs ivhidi 
fit in this framework have abo been induded. For example, results on optimality 
have been mentioned and references given, aldioug^ a fiiller discussion of these 
results, at least in the simpler cases, vrould have been appropriate. 

Some criticism of the shortcomings of the book are also in order. Notation could 
liave been simpler — ^more traditional. For example yj— 1 was not found to be an 
advantage over / and . . . , n^\{n—n^\ is a much harder thing to look at than 
(nlrii, . . . , n^, (n—H(f)). Notation throughout the book was found to be quite 
burdensome and the reviewer gets the impression that not much attention was paid 
to this important aspect of presentation. The discussion of multiple correlation and 
regression would have been more readable if the author had chosen the variables 

y:Xi X, rather than x. ', x^f . . > ) •^'p_i» The number <rf mupnuts is enormous 

and the errata at tiie aid of the book is even in oror (see e.g. oorrectioQ for page 
122). There are many vague statements besides the inaccuracies. For example in 
the reviewers opinion not enough evidence is available yet to make the statement 
on page 3, . .and may times these techniques are quite robust." On page 10 an 
equation at the bottom of the page does not define a "regression line". On page 12, 
the definition of the multiple correlation coefficient is incorrect. It is not the positive 
value of the square rest of (3.8). The multiple correlation is by definition a positive 
quantity. On page 29, equation (2.5) what he is really using is trAB=trBA but one 
gets a different (more complicated) impression. On page 30, it is impossible to 
dioose all the elements of the oohimns dT C poutive. One can of course take all 
diagonal dements positive. On page 51, it is not correct to say tiiat, **In the next 
section, we shall consider the more general case when the variance-convariance 
matrix of the multivariate normal popuktion is not I, but 2, and |ftf<0.'* This gives 
the impression that he is going to derive the non-central distribution. He does not. 
On page 74, while (6.3) is correct, the explanation given in the square bracket is 
not correct. Actually the solution involves complex integration. On page 78, the 
noncentral Wishart distribution depends on the matrix ^~^MM^, not just on its 
roots. Although most of the chapters have been written in a balanced way, the 
reviewer found the discussion of optimallity results in chapter 5, section 6, to be 
incomplete. Especially the important results by Linnik, on minimax, are missing. 
Also, in chapter 6, the results of John on the missdassification of erron are not 
even mentioned; admissihiliQr results in the unequal convariance matrices case are 
mentioned but glossed over, and no lefeienoe is even given in the equal oonvariance 
case. Okamoto*s Ef^rassiott (6.4) page 220, is meaningless without an exphmation 
of the constants invdved and even that authors original paper has a correction note 
wiiich has not been menticMied. It is a pity that some of the easily derivable matrix 
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results are not presented in an Appendix rather than referred to the original source, 
This is particularly unpleasant in cases where the reference is fairly intractable 
itself for example Theorem 2 on page 260. 

M. S. SIIVA8TAVA, 

D. Bkbnmbr 



Problems in Complex Variable Theory, by Jan G. Krzyz. xvii+283 pages. American 
Elsevier Publishing Co., Inc., New York; PWN— Polish Scientific Publishers, 
Warszawa, 1972. U.S. $18.50. 

This is a collection of problems (with solutions) in a single complex variable. The 
problems are for the most part dassical, at the level of senior honois/fiist year 
graduate study. It should prove useflil as a supplementary reference source, both 
for studrat and instructor. 

J. L. Fields, 
UhOVERsriY OF Alberta 



GoBbinatoiial MeOods, by J. K. Fttcus. ix+194 pages. Applied Mathematical 
Sciences 4^ Springer-Verli^ New York, 1971. U.S. 16.50. 

Combinatorial Methods is the outgrovi^h of a course in combinatorial methods 
given at the Courant Institute. The book makes heavy demands on the student's 
preparation. For example, he is expected to be familiar with residue calculus, 
Fourier transforms, and the Perron-Frobenius Theorem. A number of examples 
are given which convince the reader that there are useful nontrivial apphcations of 
combinatorics in physics and chemistry. 

The book is in two du^rters. Chapter I, Counting and Enumeration on a Set, 
iiuihides generating fimctions, the Master Theorem o^ with restricted 

position, and Ramsey's Theorem. Chapter n. Counting and Enumeration on a 
Regular Lattice^ indndes Random Walk on hittioes, the Dhner problem, the Ice 
problem, and the Ising Model. 

The mathematical exposition is very clear. However theorems and definitions 
are seldom displayed. Sometimes one has to mead a section to decide just what is 
the theorem that entitles the section. 

This is an impressive book. There is a lot of material presented in less than two 
hundred pages. The style is terse, but convincing. 

Nora Lqsbx; 
UKivBRsnY OF Manitoba 
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Uniqueness Theorems in Linear Elasticity, by R. J. Knops and L. E. Payne. ix+ 130 
pages. Springer Tracts in Natural Philosophy Vol. 19. Springer-Verlag Berlin 
Heidelberg 1971. U.S. $10.40. 

The Tract under review is mainly concerned with weakening the hypotheses on 
the eUutidties in discussing the chissical uniqueness theorem for the 

equation 



under initial-boundary conditions, with existence assumed. Throughout the Tract 
Stresses and displacements are assumed to be continuous. The definition of weak 
solutions includes among the usual generalizations, a conservation law. 

The Tract is mostfy self ccmtained, although a reader who is fiuniliar with the 
classical theory of elasticity would, natural^, be better motivated. The book 
provides the reader with all that he needs to tadde modem problems regarding 
uniqueness theorems in linear elasticity, althou^ they may need a discussion of 
the regularity of the stresses and displacements. Uniqueoess theorems for plates 
and shells or for deformation of rods or beams are not considered. 

The historical development of the topic is traced in Chapter 1 which ends with 
a list of problems yet unsolved. This is followed by a description of the basic equa- 
tions in Chapter 2 and an account of the early work in Chapter 3. In Chapter 4, 
anisotropic and isotropic considerations for bounded regions, exterior domains, 
traction boundary value problems and mixed boundary ^due problems are 
considered for three dimensional dastostatics. botropic two dimensional dasto- 
statics form Okt contents of Chapter 5 whUe problems in the whole- and half-space 
are discussed in C!taapter 6. Oapter 7 discusses the sphere problem, Cauchy 
problem and the Signorini problem involving ambiguous conditions. Perhaps the 
most important chapter, Chapter 8, discusses uniqueness theorems in elasto- 
dynamics and collects some results connecting the concepts of stability, bounded- 
ness, existence and uniqueness. 

The authors have given an eminently readable account of the topic and in several 
areas have been principal contributors. The Tract will surely become a motivating 
force among theoretical elastidans and those vdio are involved witih theory oi 
partial differential equations. 

P. N. Shivakumar, 
University of Manitcsa 

Leetnna on Celestfail Mffhanka, by C. L. Siegd and J. K. Moser (Orundldiiai 

der matfaematischen M%senschaften, Band 187). xii+290 pages. Springer Verla^ 
New York, Heidelberg, Berlin, 1971. U.S. S22.d0. 
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"Lectures on Celestial Mechanics" is not a mere translation of "Voi lesungen 
fiber Himmelsmechanik" (Gnindlehren der Mathematischen Wissenschaften, 
Band 85) which appeared in 1956, but is a completely revised and considerably 
enlarged version of the now famous book. The present version contains two new 
sections on triple collision in the three-body problem, and a new and simpler proof 
of Siegefs theorem on conformal mappings near a fixed point. The contributions of 
the second author on stability theorems for systems of two d^rees of fieedom and 
existmoe dieorem for quasi-periodic solutions are included in the lattor sections of 
the book. The addition of this new material has made this book even more valuably 
even more important. 

For those who are not familiar with the subject matter, it is probably appropriate 
to say that the book deals with the so-called «-body problem in Classical Mechanics, 
which in Siegel's words ". . . consists of describing the complete behaviour of all 
solutions to . . . equations of motion (of /; bodies) for arbitrary prc-assigncd initial 
conditions. Despite efforts by outstanding mathematicians for over 200 years, the 
problem for /;>2 remains unsolved to this day ... At the suggestions of Mittag- 
Leffler, the King of Sweden and Norway established a prize for the solution to the 

problem of fimting a series expansion for the coordinates of the n bodies valid for 
all time.** This problem was solved by Sundman for nss3. An application of 
Sundman*s results to the eartlMun-moon system leads Siegel to conclude that 
**Under the (above) assumptions, a direct computation will then give two positive 
numbers p and e sodi Uiat the moon, at a potential collision of tiie earth and sun, 
must be at least a distance p from the earth and require at least an additional time 
£ before possibly colliding with it Thus, Sundman's theory allows us to view the 
future with confidence." 

The book contains a wealth of original ideas, useful tools and valuable insights, 
and one would have no hesitation in placing it among the great books of Poincar^, 
BirkofT and others on the subject. 

D. K. Sen, 

UhOVERSlTY OF TORONTO 

BmUfanes de Ti^dogie, par Jacques ChaOlou et Jacques Henxy. 101 pages. 
Masson&Cie., 1971. 

Le titre complet de ce petit livret donne plus dc precisions sur con contenu: 
Problemcs de topologie (avec des solutions detaillees) extraits du cours d'analyse. 
Tome II, Topologie, de M. Choquet. 

Les auteurs ont choisi 22 problemes sur plus de 1 10 pour le dupitre Y (Espaoes 
topologiques et espaoes m^ques), 14 sur plus de 50 pour le chapitre VI (Foncticms 
num^ques), 27 sur plus de 200 pour le chapitre Vn (Espaoes vectorieb topo- 
logiques). C'est dire que bien des problfanes du cours de M. Choquet ont 6t6 
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laiss6s de cote. Cependant, le choix a ete fait de telle sorte que si un problftme exige 
la solution d'un autre probleme, cet autre probleme a et6 aussi r^solu, Tel quel, ce 
travail peut procurer une aide efficace a I'etudiant qui travaille seul. D'abord il y 
trouvera la solution de problemes redigee d'une fagon tres soignee et tres claire, 
chaque "geste" math^matique dtant justifi^ par une reference tres precise au 

rfeultat dn court utilise. Aiosi il prandia "coaBanet ponr alMider d'auties prob- 
Vtmn*\ De phu, quelques oommeiitaixes tendent k iktpt lliorizoii, k prendre nae 
mdOeure oonscieiioe det npports de la questkm tndtfe avec d'aotvei lemblablei, 
OB k doniier d'autfet directioiu de sohitions, . . . H anive mtaie qa*vai iaouoB se 
idvftle incorrect au coun de la sohitioii, et le commentaiie le rfitablit dans toute la 
rigueur (of. exercice no. 129, oommentaire page 80). 

De tres rares fautes typographiques ont ete relev^es, pour la plupart sans aucun 
danger. A noter cependant une exception: de regrettables confusions d'indices et 
d'exposants s'introduisent a la fin de la solution de Texercice no. 143, qui ne 
manqueront pas de troubler les lecteurs auxquels ce genre de texte s'adresse. 

Une derniere remarque a i'adresse du public math^matique anglophone. La 
paitie da conn d'anatyM de M. ChoqiieC dont oes probftmes de topologie sont 
extnits est I'original fiangais du livie intitul6 Topology publid par Academic Press 
en 1966 (# 19 in series of Monogn^bs and textbooks in Pure and Applied mathe- 
matics). Les r^fifirenoes (nondiieBses) se rappocteiit ausd bien an tex^ 
fait abstraction de la pagteation (bien que mSme 1^ Tapprmimation soit tr&s bonne, 
les valeurs indiqu6es dtant toujours par dtfaut, avec une erreur d*une page an 
ddbut, et au plus de dix pages k la fin). 

Done une ocuvre utile a I'usage des dtudiants du niveau de la Maitrise qui 
desirent s'initier a Tanaiyse moderne, et qui ont d^jk apprecid le Cours de M. 
Choquet, ou qui veulent le decouvrir. 

Introduction to Boolean Algebras, by Ph. Dwinger. 2nd, revised and enlarged 
edition. v+7i pages. Physics- Verlag, Wurzburg, 1971. 

This new edition succeeds, as did its predecessor, in dealing witlia large amount of 
material in comparatively few pages. Besides covering the basic ^universal algebra* 
of boolean algebras (homomorphisms, free algebras, etc.) and discussing notions 
such as atomicity, completeness, and measures, it is an excellent reference on 
representations of boolean algebras by fields of sets and on the connections between 
boolean algebra and topology. The topics added in the new edition: free a-complete 
boolean algebras, superatomic boolean algebras, and free a-complete and free 
complete extensions, are both interesting and useful and fit in well with the main 
body of die text A possibte criticism is that, whilst there are refereooes to the 
furdier literature on the subject, these could be supplemented, particularly in 
r^ard to the more recent literature: for instance to the work of Huf and of Pierce 
on the classification of countable boolean algebras. 
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Perhaps more important for an introductory book is that the relations of the 
subject matter to other branches of mathematics be mentioned. The book under 
review is certainly adequate with regard to boolean algebras and topology, and 
measure theory is mentioned, though perhaps fuller references might have been 
given to the occurrence of boolean algebras in analysis (in spectral theory, for 
example). The ftct tbat there exist ultimate connections between boolean algebras 
and logic could be more in evidence; this was the original motivati<m of the subject 
and there has continued to be a fruitAil interplay (for just one instance, bootosn- 
vahied models of set theory have not only been valuable in foundational work but 
have also enabled some questions on complete boolean algebras to be resolved). 
But a monograph is not a treatise with applications, and the present book continues 
to be a worthwhile item in the boolean algebra literature. 

D. A. HiGGS, 
UNivBKSTry OF Guyana 
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Proceedings of the Twelfth Biennial Seminar on Time Series, Stochastic 
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